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Bai 1:

Cho hinh thang vuong ABCD (vuéng tai A va D) véi day 16n AB c6 d6 dai gip doi day nho DC. Goi H 1a
chan dudng vudng goc ké tir A dén BD. Goi M, N lan luot 13 trung diém cia HA, HB va I 13 trung diém
cua AB.

1. Ching minh: MN L AD va DM L AN.

2. Chung minh: cac diém A, I, N, C, D nam trén cung mgt duong tron.
3. Ching minh: AN.BD =2DC.AC.

Giai:

D. C

A | B
1. AHAB ¢6 MH = MA (gt), NH = NB (gt)
= MN la duong trung binh cia AHAB = MN // AB

Ma AD | AB (vi A=90°) = MN L AD.
AADN c¢6 MN L AD (chtrng minh trén), AH L BD (gt)
= NM va AH la hai duong cao cua AADN = M Ia truc tam ciia AADN

= AM la duong cao tht ba = DM L AN.

2. Vi MN la duong trung binh cuia AHAB = MN // AB, MN = %AB

Lai c6: DC// AB, DC= %AB (gt)

= DC /I MN, DC = MN = CDMN Ia hinh binh hanh = DM // CN.
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Ma DM L AN (chirng minh trén) = CN L AN = ANC = 90°

Mit khac, xét tir giac ADCI c6: DC // Al (vi DC // AB), DC = Al (vi cing bang %AB)

= ADCI 12 hinh binh hanh= AIC = ADC = 90°

Ta c6: ADC= ANC= AIC=90° = cac diém A, I, N, C, D nam trén cing mot dudng tron dudng kinh AC.
3. Xét duong tron dudng kinh AC c6: ADN = ACN (hai goc ndi tiép cung chin AN)

hay ADB= ACN

Xét AABD va ANAC c¢6: DAB=CNA=90°, ADB= ACN (ching minh trén)
= AABD ~ ANAC (9.9)

L AB_BD iy e 20C_ D

= AN.BD =2DC.AC (dpcm).
AN AC AN AC

Bai 2: Cho duong tron (O;R) va mot diém S nam ngoai dudng tron (O). Tur S keé hai tiép tuyén SA va
SB véi duong tron (O). (A va B 1a hai tiép diém)
a) Chtng minh tir giac SAOB noi tiép va SO vudng goc AB .

b) V& duong thang a di qua S va cit (O) tai hai diém M va N (véi a khong di qua tim O,
M nam gita Sva N). Goi H1a giao diém cua SO va AB; | la trung diém cia MN . Hai duong thang
Ol va AB cat nhau tai E.

1) Chitng minh: O1.OE =R” .
2) Cho SO =2R va MN =R+/3. Hiy tinh SM theo R .

Giai:

a)Chirng minh ti giac SAOB n@i tiép va
SO vudng géc AB .

Chirng minh tir giac SAOB ngi tiép.
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SA va SB 14 hai tiép tuyén caa dudng tron (O) = SAO = SBO =90°

= SAO +SBO =180°

= T gidc SAOB 1a tir gic noi tiép.

Chirng minh SO vudng goc AB . (0,5)

SA va SBI4 hai tiép tuyén cia duong tron (O) = SA=SB

Ma OA=0B=R

= SO la duong trung truc cia AB . = SO 1. AB

b)

1)Chikng minh: OI.OE = R? (1,0)

AAOI vuong tai A c6 AH la duong cao

—OA?=0H.0S=R? (1)

| 14 trung diém MN, MN khéng qua O = Ol 1L MN

Xét AOHE vudng tai H va AOIS vudng tai | co:
EOH chung

= AOHE < AOIS

OE _OH

= s =g = OIOE=O0HOS (2) .Tir(1)va(2)=OI OE = R?

2) Cho SO=2R va MN =R+/3. Hiy tinh SM theo R .

AOIM vuong tai | = Ol ={OM?—IM? =§

AOIS vudng tai | = Sl =+/SO*-0I? =, [4R* - e RT\/E

SM =SI —IM _i—R—‘ﬁ:R(\/— J3).
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Bai 3: Cho tam gidc ABC vudng tai A c6 duong cao AH (H thuoc BC). V& dudng tron (C) c6 tam C, ban
kinh CA. Buong thang AH cat duong tron (C) tai diém thir hai 1a D.
1)Ching minh BD l1a tiép tuyén ctaa duong tron (C).
2)Trén cung nhd AD cua duong tron (C) lay diém E sao cho HE song song véi AB. Puong thang
BE cat duong tron (C) tai diém tha hai 1a F. Goi K 1a trung diém caa EF. Chang minh rang:
a) BA? = BE.BF va BHE = BFC
b) Ba duong thang AF, ED va HK song song v&i nhau tung d6i mot.
Giai :

1)Ta c6 BAC =90° nén BA 14 tiép tuyén véi (C).

BC vudng gbéc véi AD nén

H 1a trung diém AD. Suy ra BDC = BAC =90°

nén BD ciing 14 tiép tuyén véi (C)

2) a) F
Trong tam giac vuong ABC

ta c6 AB’ =BH.BC (1)

Xét hai tam giac dong dang ABE va FBA

vi ¢6 goc B chung

va BAE = BFA (cung chin cung AE)

suy ra AB_BE = AB’ =BE.FB (2)
FB BA

Tir (1) va (2) ta 6 BH.BC = BE.FB

Tu BE.BF= BH.BC— 2 - BH
BC BF
2 tam gidc BEH va BCF ddng dang vi c6 goc B chung va o = 20
BC BF
. BHE =BFC

b) do két qua trén ta c6 BFA = BAE
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HAC = EHB =BFC, do AB //EH. suy ra DAF =DAC-FAC =DFC—-CFA =BFA
— DAF = BAE , 2 gbc nay chin cac cung AE, DF nén hai cung ndy bang nhau
Goi giao diém cta AF va EH 1a N. Ta ¢6 2 tam giac HED va HNA bang nhau

(vi goc H d6i dinh, HD = HA, EDH = HDN (do AD // AF)

Suy ra HE = HN, nén H la trung diém ctia EN. Suy ra HK 14 dudng trung binh ciia tam giac EAF.
Vay HK /I AF.

Vay ED // HK /| AF.

Bai 4: Cho tam giac déu ABC c6 duong cao AH, lay diém M tiy ¥ thudc doan HC (M khéng tring véi H,
C). Hinh chiéu vudng gbc ciia M 1én cac canh AB, AC lan lugt 1a P va Q.

1) Chting minh rang APMQ 1a tir gidc noi tiép va xac dinh tdm O cua duong tron ngoai tiép tir giac

APMQ. ‘

2) Chung minh rang: BP.BA = BH.BM

3) Chung minhrang: OH L PQ. 7

4) Chtng minh rang khi M thay doi trén HC thi MP +MQ khong doi.
Giai:

1) Xét tir giac APMQ c6: MPA=MQA=90° (gt)

= MPA+MQA=180° = ti gidc APMQ ndi tiép.

Tam O ctia dudng tron ngoai tiép tr gidlc APMQ
1a trung diém ciia AM

2) Xét A BPM va A BHA co:
BPM =BHA=90° (gt) ; PBM = HBA (chung goc B)

BP BM

= ABPM U ABHA(QQ) > —=——
99 BH BA

= BP.BA =BH.BM

3) AHM =90°(gt) = H thudc duodng tron dudng kinh AM
= A, P, H, M, Q cung thugc duong tron O.

PAH =QAH ( vi tam gidc ABC déu, AH la dudng cao nén ciing 1a dudng phan giac)
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= PH=QH = PH=QH = H thudc duong trung tryc caa PQ (1)
OP = OH ( cung ban kinh) = O thudc duong trung truc cua PQ (2)
Tu (1) va (2) = OH la dudng trung truc caa PQ = OH L PQ.

4) MP=BM.sin60° va MQ=CM.sin60°

= MP+MQ=BM.sin60° +CM.sin60°=(BM+CM).sin60° =BC. 32@

Vi BC khéng ddi nén MP + MQ khong d6i khi M di dong trén HC.
Bai 5:

Cho diém A nam bén ngoai dudng tron (O). Tir A ké hai tiép tuyén AB, AC véi dudng tron d6 (B, C 1a
cac tiép diém). Goi M 1a trung diém cia AB. Puong thang MC cét dudng tron (O) tai N (N khac C).

a) Chung minh ABOC 14 tir giac ndi tiép

b) Chitng minh MB? = MN.MC

¢) Tia AN cit duong tron (O) tai D ( D khac N). Chang minh: MAN = ADC
Giai:

a). Xét tir giac ABOC ¢6 :

ABO+ ACO =90°+90° =180° nén tir giac ABOC noi
tiép A

b). Xét AMBN va AMCB ¢6 :

M chung !
. Cc
MBN = MCB (cung chan cung BN)
=> AMBN ~ AMCB (g-g) nén MB _MN < MB? = MN.MC
MC MB

c). Xét AMAN va AMCA c6 goc M chung.

ViM la trung diém cia AB nén MA=MB .
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Theo ciu b ta c6: MA?=MN.MC < m = M—C
MN MA
Do d6 : AMAN ~ AMCA (c-g-c)
=> MAN =MCA=NCA (1)
ma: NCA= NDC ( cung chin cung NC) (2)

Tur (1) va (2) suy ra: MAN =NDC hay MAN = ADC .

Bai 6: (1,0 diém). Cho hai duong tron dong tam (O; 21cm) va (O; 13cm). Tim ban kinh ctia dudng tron tiép
Xuc vai ca hai duong tron da cho.

Giai:
Theo gt c6: OB =21 (cm); OA =13 (cm)

e Truong hop 1 Pudng tron phai tim
c6 duong kinh 1a AB

> AB=21-13=8(cm)
= Ban kinh duong tron tiép xtc véi hai
dudng tron ddng tim R, = 4 (cm)

e Truong hop 2 Buong tron phai tim
c6 duong kinh 1a OD

> AD=21+13=234(cm)

= R;= 17 (cm)
Bai7:
1) Cho tam gidc ABC vudng tai A c6 duong cao AH (H thudc BC), biét ACB=60°, CH=a. Tinh AB
va AC theo a.

2) Cho duong tron tdm O dudng kinh AB ¢6 dinh, CD 13 duong kinh thay ddi caa duong tron (O) (khac
AB). Tiép tuyén tai B cua (O) cit AC va AD lan luot tai N va M. Chtng minh tir giac CDMN ndi tiép.

3) Cho tir giac ABCD ndi tép duong tron tim O, ban kinh bang a. Biét AC vudng goc voi BD. Tinh

AB? + CD? theo a.
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Giai:

CH a
cosC cos60°

1) AACH 6 cosC = S8 nen AC = 2 _9a
AC 1

N |

AABC ¢6 AB = AC.tanC = 2a.tan60° = 2a~/3 =2/3a. Vay AB=23a, AC=2a.

2)
A

(0) duodng kinh AB ¢6 dinh, dudng kinh CD thay doi, c
MN la tiép tuyén tai B cua (O).

KL ‘ T gidc CDMN ndi tiép

Chuang minh tir giac CDMN ndi tiép

Tacd: ADC = %SCIAC .

N = l(sdADB—sdBC) - l(sdACB—sdBC) _Lanac.
2 2 2

= ADC = N (cung bang %sdAC ).

= T giac CDMN ndi tiép duoc (goc ngoai bang goc dbi trong).
3) B
GT ‘ ABCD noi tiép (O;a), AC L BD E

KL ‘ Tinh AB? + CD? theo a. o c
Tinh AB? + CD? theo a.

V& duong kinh CE cia dudng tron (O).

Taco: EAC=90°, EDC =90° (goc ndi tiép chin dudng kinh EC).
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AC L AE

= AEJBD => ABDE la hinh thang can (hinh thang noi tiép (O))
AC 1 BD (qt)

— AB = DE (canh bén hinh thang cén).
= AB? + CD? = DE? + DC? = EC? =(2a)” = 4a® (do AEDC vung tai D).

Vay AB* +CD?* =4a’.

Bai 8: Cho tam gidc ABC c6 ba goc nhon, ndi tiép duong tron tim O (AB < AC). Céc dudng cao AD va
CF cua tam giac ABC cat nhau tai H.

a) Chang minh t& giac BFHD noi tiép. Suy ra AHC =180° — ABC

b) Goi M 1a diém bat ki trén cung nhé BC caa dudng tron (O) (M khac B va C) va N 1a diém ddi xung cua
M qua AC. Chang minh tir giac AHCN noi tiép.

¢) Goi I 1a giao diém cia AM va HC; J 1a giao diém ctua AC va HN.
Chung minh AJl = ANC
d) Chitng minh rang : OA vudng goc véi IJ
Giai:
a) Ta co tir giac BFHD noi tiép do c6 2 goc ddi
FvaD vuéng = FHD = AHC =180° - ABC
b) ABC = AMC cung chin cung AC

ma ANC = AMC do M, N déi xting

Vay taco AHC va ANC bu nhau

= tir giac AHCN noi tiép
¢) Ta s& ching minh tir giac AHIT noi tiép
Tac6 NAC = MAC do MN dbi xtg qua AC ma NAC = CHN
(do AHCN nai tiép)
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= IAJ = IHJ = t& giac HIJA noi tiép.
= AJl bu véi AHI ma ANC bu véi AHI (do AHCN nai tiép) = AJl = ANC
Cach2:
Ta s& chitng minh 1JCM ni tiép
Taco AMJ = ANJ do AN va AM dbi xing qua AC.
Ma ACH = ANH (AHCN nai tiép) vay ICJ = IMJ
= 1JCM ndi tiép = AJl=AMC=ANC
d) Ké OA cit dudng tron (O) tai K va IJ tai Q ta c6 AJQ= AKC
vi AKC = AMC (cung chin cung AC), vidy AKC = AMC=ANC
Xét hai tam giac AQJ va AKC :
Tam gidc AKC vudng tai C (vi chin nira vong tron )= 2 tam giac trén déng dang
Vay Q=90°. Hay AO vuodng goc voi 1
Cach 2 : Ké thém tiép tuyén Ax véi vong tron (O) ta c6 XAC = AMC
ma AMC = AJl do chitng minh trén vay ta co XAC =AJQ = JQ song song Ax
vay 1J vuong goc AO (do Ax vudng goc véi AO)
Bai 9 Cho duong tron ,(O; R)’ c6 duong kinh AB ¢6 dinh. V& ’du(‘)‘ng kinh MN cua duong tr‘c‘)n (O; Ry (M
kh7éc A, M khac B). Tiép tuyén cua duong tron (O; R) tai B cat cac duong thang AM, AN lan luot tai cac
diem Q, P.
1) Chung minh tir giac AMBN 1a hinh chir nhat.
2) Chtng minh bdn diém M, N, P, Q cing thuéc mot duong tron.

3) Goi E la trung diém cua BQ. Puong thang vudng goc voi OE tai O cat PQ tai diém F. Chung
minh F 13 trung diém ciia BP va ME // NF.
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4) Khi duong kinh MN quay quanh tdm O va théa man didu kién dé bai, xac dinh vi tri ctia duong
kinh MN dé tir gidc MNPQ c6 dién tich nho nhét.

Giai: P
. . F
1) T giac AMBN c6 4 gbéc vudng, vi la 4 goc ndi tiep chan nira
Al B
duong tron.
M
2) Ta c6 ANM = ABM (cung chin cung AM) E
va ABM =AQB (gbc co canh thang goc) 0

vay ANM =AQB nén MNPQ ndi tiép.
3) OE la duong trung binh cua tam giac ABQ.
OF // AP nén OF la duong trung binh cua tam giac ABP
Suy ra F 1a trung diém cua BP.
Ma AP vudng goc voi AQ nén OE vudng goc OF.
Xét tam giac vudng NPB ¢6 F 1a trung diém caa canh huyén BP.
Xét 2 tam giac NOF = OFB (c-c-c) nén ONF=90°.
Tuong tir ta co OME =90°nén ME // NF vi cung vudng goéc véi MN.
4)
2S\npo = 2Spp0 — 2Saun = 2R.PQ-AM.AN =2R.(PB+BQ) -AM.AN

Tam giac ABP dong dang tam giac QBA suy ra % = g = AB’=BP.QB

Nén 4p dung bat ding thire Cosi ta c6 PB+BQ>2,/PBBQ =2,/(2R)? =4R

AM? +AN?  MN?
2

Ta co6 AM.AN < = 2R?

Do d6, 2S,po = 2R.AR —2R?* =6R?. Suy ra S, >3R?
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Dau bang xay ra khi AM =AN va PQ = BP hay MN vudng goc AB.

Bai 10: Cho tam gidc ABC vudng tai A c6 duong cao AH (H thuoc BC). V& dudng tron (C) c6 tim C, ban

kinh CA. Puong thang AH cat duong tron (C) tai diém thi hai 1a D.
1) Chtrng minh BD 14 tiép tuyén cua dudng tron (C).

2) Trén cung nhd AD cua duong tron (C) lay diém E sao cho HE song song v6i AB. Buong thang BE cit
duong tron (C) tai diém thir hai 1a F. Goi K 1a trung diém cua EF. Chirng minh rang:

a) BA? = BE.BF va BHE = BFC

b) Ba duong thang AF, ED va HK song song véi nhau ting d6i mét.

Giai:
1)Ta c6 BAC =90° nén BA 1a tiép tuyén vai (C).
BC vudng gbéc véi AD nén
H 1a trung diém AD. Suy ra BDC = BAC =90°
nén BD ciing 14 tiép tuyén véi (C)
2)
a) Trong tam giac vuong ABC
ta co AB’ =BH.BC (1)
Xét hai tam giac d6ng dang ABE va FBA
vi c6 goc B chung
va BAE = BFA (cung chin cung AE)

suy ra AB_BE = AB’ =BE.FB (2)
FB BA

Tu (1) va (2) taco BH.BC = BE.FB

Tu BE.BF=BH.BC= BE_BH
BC BF
2 tam gidc BEH va BCF ddng dang vi ¢6 goc B chung va II:_CE: = %

= BHE =BFC
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b) do két qua trén fa c6 BFA = BAE

HAC = EHB = BFC, do AB //EH. suy ra DAF = DAC—FAC = DFC—CFA = BFA
— DAF = BAE, 2 gbc nay chin cic cung AE, DF nén hai cung ndy bang nhau
Goi giao diém cua AF va EH 1a N. Ta c6 2 tam giac HED va HNA bang nhau

(vi gbc H ddi dinh, HD = HA, EDH =HDN (do AD // AF)
Suy ra HE = HN, nén H 14 trung diém cua EN. Suy ra HK 1a duong trung binh ctia tam giac EAF.
=> HK /[ AF.

Vay ED /[ HK // AF.

Bai 11:

Cho dudng tron (O) va mot diém A c¢b dinh nam ngoai (O). Ké tiép tuyén AB, AC véi (O) ( B,C 1a cac
tiép diém). Goi M 1a mot diém di dong trén cung nhé BC( M khac B va C). Puong thing AM cit (O) tai
diém thtr 2 1a N. Goi E 1a trung diém cta MN.

a) Chung minh 4 diém A,B,0,E cung thudc mot dudng tron. Xac dinh tim cta dudng tron do.
b) Chirng minh 2BNC + BAC =180°
c) Chimg minh AC’=AM.AN va MN?=4(AE*-AC?).
d) Goi I, J 1an lugt 13 hinh chiéu ctia M trén canh AB, AC. Xac dinh vi tri cau M sao cho tich MI.MJ
dat gia tri 16n nhét.
Giai:

a) Ta cd: EM=EN(gt)=0ELMN=> AEO =90°
Ma ABO =90° (AB la tiép tuyén (O))

Suy ra: hai diém B, E thudc dudng tron dwong
kinh AO. Hay A,B,E,O cung thuoc mdt duong
tron, tAm cta dudng tron 13 trung diém cua AO.

b) Taco: BOC =2BNC (goc ¢ tam va goc nt cung
chan mot cung).

Mat khac: BOC +BAC =180°
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suy ra: 2BNC + BAC =180° (dpcm)

e Xét AAMC va AACN co
NAC chung

MCA = CNA(:%sd CM)

— AAMC @ AACN(g.g)

= AM = AC = AC? = AM.AN (dpcm)
AC AN
e Taco: AEZZAOZ-OEZ(ép dung DL Pi-
ta-go vao AAEQ )
AC?=A0’-0OC?(4p dung DL Pi-ta-go vao AACO)

hay MN?=4(AE?- AC?)

2 2
Suy ra: AE%- AC’=0C*-OE*=ON*-OE*=EN*= (M—ZNJ _MN

2
MN +AM? + AM.MN —AM.AN

Cach 2: AE?2— AC? = (AM + '\/'—2'\')2 — AM.AN =

_ MN? MN

+ AM?- AM(AN-MN) =
> MN?=4(AE?*- AC?).
Ké MK LBC, doan AO n (O) ={F}, AO n BC ={H}
Ta c6: MIK = MCK ( tr giac MJCK nt)
MCK = MBI (cuing chic cung MC)
MBI = MKI (tir gisc MKBI nt)
Suy ra: MJK =MKI (1)

Chtrng minh tuong ty ta cling c6: MIK = MKJ (2)
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Tu (1) va (2) suy ra:

AMIK © AMKJ

(9.9)

:ﬂ:%:MKZ:MI.NJ
MK MJ

Dé MILMJ 16n nhat
thi MK phai l6n

nhat. Mit khac M
thudc cung nho BC
nén MK<FH= viy
MK 16n nhét khi
MK=FH. Hay M =F
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Vay khi A, M, O thiang hang thi ML.MJ dat gi4 tri 16n nhét.

Bai 12:

Cho duong tron (O) va diém M nam bén ngoai dudng tron (0). K¢é hai tiép tuyén MA, MB véi duong
tron (O) (A, B 1a cac tiép diém). Mot duong thang d di qua M cat duong tron tai hai diém C va D (C ndm

gitra M va D, d khong di qua tam O).

a) Chung minh rang: MA? = MC.MD.

b) Goi H la giao diém ciia AB va MO. Ching minh tir gide CHOD ndi tiép trong dwong tron.
c) Cho MC.MD = 144 va OM = 13 (d¢ dai cac doan thang da cho c6 cung don vi do).
Tinh d¢ dai duong tron (O) va dién tich hinh tron (O)

Giai:

a) Chang minh MA? = MC.MD

N&i AC, AD. Hai tam giac MAC va MAD co:

AMC = DMA (go6c chung)

MAC = MDA (ciing chin cung AC)

Do d6: AMAC -~ AMDA (g-9)
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MA MD
Suyra, —=——
MC MA

Tir d6: MA® = MC.MD
b) Chttng minh t&r giac CHOD noi tiép.
+ OA = OB (= ban kinh);
MA = MB (t/c hai tiép tuyén cét nhau)
Suy ra: MO la trung truc AB. Suy ra: AH L OM tai H.
+ Trong tam gidc MAO vuodng tai A (gt) co6 AH la duong cao nén: MA? = MH.MO

Két hop két qua cau a), ta c6: MC.MD = MH.MO. Tur do: ME _Mo.
H MD
Lai c6: CMH = OMD (goc chung)
Suy ra: ACMH -~ AOMD (c-g-C)
Tu d6: ODM =CHM (*)
Tir (*) suy ra tir giac CHOD ndi tiép (c6 mot goc trong bang goc ngoai tai dinh dbi dien)
c¢) Tinh C(g) va S(o)

Tir ciu a) ta c6: MC.MD = MA? = 144

Tam gisc MAO vudng tai A cho: OA =JOM? — MA? =13 —144 =5 hay R= OA =5

Tir d6: Chu vi duong tron (O) (d6 dai dudng tron (0)) 1: C,o) = 22R =275 =107 (d.v.d.d)

Dién tich hinh tron (O) la: S, = R’z =5°7 = 257 (d.v.d.t)

(©)

Bai 13: Cho tam giac ABC vudng tai B. Trén canh BC liy diém E (E khac B va C). Puong tron duong
kinh EC cit canh AC tai M va cit duong thang AE tai N (M khac C, N khéc E).

1) Chimg minh cac tir giac ABEM, ABNC la cac tir giac ndi tiép.
2) Chiing minh ME 1a tia phan giac ciia goc BMN.

3) Chang minh AE.AN+CE.CB=AC?.
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Giai: A
1) M thugc duong tron duong kinh EC nén EMC =90° = AME =90°. "
= AME + ABE =180°suy ra tir giac ABEM ndi tiép (tr gidc c6 tong 2 goc / »\
dbi bang 180°). B é\ J c
~

N thudc duong tron duong kinh EC nén ENC =90° hay ANC =90°.

Suy ra ANC = ABC =90° do d6 tir gidc ABNC ndi tiép (hai diém B, N cung nhin doan AC dudi mot goc
vudng).

2) Trong duong tron ngoai tiép ABEM: EAB = EMB (*) (2 gbc ndi tiép cing chan cung BE ).
Trong dudng tron ngoai tiép MENC: EMN = ECN (**) (2 goc noi tiép clng chin cung EN ).

Trong dudng tron ngoai tiép ABNC: BAN = BCN (2 gbc ndi tiép cing chan cung BN) hay EAB = ECN .
(-k-k-k)

T (%), (**) va (***) suy ra EMB = EMN . Do d6 ME 1a tia phan giac cia goc BMN (dpcm).

3)

Tacdé ABC =CME =90°;ECM = ACB .Do d6 ACME va ACBA dong dang ( g.9)

:%:E:CM.CA:CE.CB.
CB CA
, . R A AE AM
Chung minh dugc AAEM va AACN dong dang (9.9) = AN = AE.AN = AM.AC.

Do d6 AE.AN +CE.CB =CACM +CAAM
=CA(CM + AM) =CACA=CA’.
Viy AE.AN +CE.CB = AC? (dpcm).
Bai 14 :

Cho tam giadc ABC c¢6 dudng cao AH , biét BCA < ABC< CAB <90° . Goi dudong tron (0) 1a
duong tron ngoai tiép tam giac ABC . Goi I 1a tAm duong tron ndi tiép tam gidc ABC . Goi D 1a giao diém
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cua tia Al voi duong tron (O ), biét D khac A . Goi E va F 1an luot 13 giao diém cua duong thing AH Vi
hai duong thiang BD va CI, biét E nam giira hai diém Bva D .

1)Chang minh BH = AB.cos ABC .Suy ra BC = AB.cosABC +AC.cos BCA
2) Chang minh bén diém B, E, I, F cung thudc mot dudng tron.
3) Xac dinh tAm duong tron ngoai tiép tam giac IBC
Giai:
1)Cha#ng minh BH = AB.cos ABC .Suy ra BC = AB.cos ABC +AC.cos BCA :
Xét AAHBvuong tai H ¢6 : BH = AB.cos ABC ( quan hé¢ giita cac canh trong tam gic vudng )
Chtng minh twong tu : CH = AC.cos BCA
Suyra:BC=BH+CH= AB.cosABC + AC.cosBCA
2) Chieng minh bén diém B, E, I, F ciing thugc mét dwong tron:

Goi M, N lan luot 1a giao diém céc tia phan giac B , C véi (0) ; K 1a giao diém cia AD va BC .

Taco: BEF=EAD+ADB ( tinh chit goc ngoai cia AAED) A
M

ma sdEAD=90°—sdAKB ( AAHK vuéng tai H) N

F
= sdEAD=90° - SdAB;SdCD ( goc ¢6 dinh & bén trong g
duodng tron ) ©

B HI[ K

va sdADB= SdzAB ( goc ndi tiép )

E

D

suyra: sdBEF=90°— SdAB;SdCD ; SGZAB ~90°— Sng ~90° — sdCAD
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:>sdBEF=90°—SdTA (1)

B+C_180°—A

Taco: BIF= 5 5

=90°— % ( tinh chét goc ngoai cia ABIC) (2)

Tu(1l)va(2)suyra: BEF=BIF

Suy ra : ttr giac BEIF noi tiép duoc dudng tron

( E,I ciing nhin BF duéi hai goc bang nhau )

3 ) Xdc dinh tim dwong tron ngogi tiép tam gidc IBC :
Ching minh ABID can tai D

Chung minh DK 1a duong trung truc cua Bl (3)

Ching minh DB=DC

Chung minh DO la duong trung truc cia BC (4)

T (3) va(4)suyra:D lataim dudng tron ngoai tiép AIBC
Bai 15:

Cho dudng tron tim O duong kinh AB, trén ciing mot nira duong tron (O) lay 2 diém G va E (theo
tha tu A, G, E, B) sao cho tia EG cat tia BA tai D. Puong thiang vudng goc voi BD tai D cat BE tai C,
duong thang CA cit dudng tron (O) tai diém thi hai 13 F.

a) Chung minh ta giac DFBC noi tiép.
b) Chung minh: BF = BG

c) Chirng minh: %: DG.DE
BA BE.BC

Giai:

a) Chuang minh t& giac DFBC ndi tiép.

Ta c6: AFB =90°(goc nt chan nira duong tron)
Ta c6: CDB=CFB=90" =

ti giac DFBC noi tiép duong tron duong kinh BC
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b) Ching minh: BF = BG 1
Ta c6: AEB =90°(gbc nt chin nira duong tron)
— AEC =90°

Ta ¢6: AEC + ADC =180°

= T giac ADCE ndi tiép dudng tron duong kinh AC D 2 B

= E, =C, (vi nt cing chan cung DA)
Ta c6: B, = C, (vi nt cing chan cung DF ctia dudng tron duong kinh BC)

Do d6: E, =B, = AG =AF= BF =BG = BF =BG

c) Chuang minh: DA_DG.DE
BA BE.BC

Ta chirng minh duoc:

ADGB o ADAE (g—g) =22 =P8 . bc.DE=DADB (1)
DA DE

ABEA @ ABDC (g—g) = o= = B2 _ BEBC=BABD (2)
BD BC

DGDE DADB DA

Tir (1) va (2 _

w(hva@suyra: oo =5 ED ~ Ba (9P

Bai 16.

Cho duong tron tim O dudng kinh AB, trén tia AB ldy diém C bén ngoai dudng tron. Tir C ké doan CD
vudng goc véi AC va CD = AC. N6i AD cit dudng tron (O) tai M. Ké dudng thang DB cét duong tron
(O) tai N.

1) Chimg minh ANCD la tir giac noi tiép. Xac dinh duong kinh va tam ciia duong tron ngoai tiép tir
gidc ANCD.
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2) Ching minh CND =CAD va MAB la tam giac vudng can.

3) Chang minh AB.AC = AM.AD
Giai:

a) Ta co: AC L CD (gt)

— ACD =90°

Xét tor giac ANCD ¢6 :

ACD = AND (= 90°)

= T gidac ANCD ndi tiép duong tron duong kinh AD va tdm dirong tron 13 trung diém AD. (C6 2 dinh
k& N, C cing nhin 1 canh AD néi 2 dinh con lai dudi goc bing nhau 1a 90°)

b) Ta c6: CND = CAD (2 géc ndi tiép cung chan cung DC)
AMB = 90° (goc néi tiép chin nira dudng tron)

= AAMB vuong tai M

Ta c6: CA =CD (gt) Va ACD=90° (cmt)

= ACAD vudng can tai C

= MAB = 45°

— MBA= 45°( vi AAMB vuong tai M)

Nén AMAB la tam giac vuong can.

¢) Xét AABM (AMB - 900) va AADC (ACD - 900) co :
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DAC : chung
— AABM ddng dang AADC (g-g)

AB AM
= —=—
AD AC

= AB.AC = AM.AD
Bai 17:

Cho ntra duong tron tim O duong kinh AB. Goi C 1a diém chinh gitra cia cung AB, M 1a mot diém
bat ki trén cung AB (M khac A va C). Puong thang BM cat AC tai H. Ké HK vudng goc véi AB (K thudc
AB).

a. Chung minh t giac CBKH 14 tir gidc noi tiép.
b.  Chtng minh CA 1a tia phén giac cua MCK .
c. Trén doan thang BM lay diém E sao cho BE = AM. Chung c
minh tam giac ECM Ia tam gidc vudng can.
Giai:
a) Ta c6: HCB = ACB = 90° (goc ndi tiép chin nita dudng tron)
HK L AB (gt)
A : B
K 0
= HKB =90° \ /

Xét tir giac CBKH co:

HCB + HKB =90° +90° =180°

= T gidc CBKH ndi tiép (Tong 2 gbc dbi bang 180°).

b) Ta c6: MCA=MBA (2 goc ndi tiép cung chian cung AM cua (0))
Ma MBA = HCK (2 gbc ndi tiép cing chan cung HK cuia dudng tron ngoai tiép tir gidac HCBK)
= MCA = HCK
= CA Ia tia phan giac cua MCK .
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¢) Xét AMAC va AEBC ¢6 :

AM = BE (gt)

MAC = EBC (2 gbc ndi tiép cung chin cung MC)

AC = BC (Lién hé day cung. Vi C 1a diém chinh giita cung AB nén AC =BC)
=AMAC = AEBC (c-g-c)

= MCA=BCE vaMC=CE (1)

Ma ACE +BCE =90°

= MCA+ ACE =90°

Hay MCE =90°(2)

Tu (1) va(2)

= ECM la tam giac vudng can tai C.
Bai 18:

Cho tam giac ABC nhon. Pudng tron (O) duong kinh BC cit AB; AC lan luot tai M va N. Goi H 1a
giao diém cua BN va CM , K 1a giao diém ciia BN va CM, K 1 trung diém cia AH

a. Chiing minh rang t&r gidc AMHN ndi tiép dudng tron

b. Chung minh AM.AB = AN.AC

c. Chirng minh KN la tiép tuyén ctaa duong tron (O)
Giai:

a. Co £BMC =90° ( Nai tiép chin nira duong tron )
=> / AMH = 90° ( do ké bu)

C6 ~ BNC =90°( Noi tiép chin ntra duong tron)
=> ~ ANH =90° (do k& bu )
Vay £ AMH + £ ANH = 180° nén tir giac AMHN noi tiép
b) Xét AAMC vaAANB c6 £ AMC = ~ACB=90° (cm y a)
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C6 / A chungnén A AMC ddng dang AANB (gg)
=> AM/AN = AC/ AB hay AM.AB = AN.AC

c) Co H 1a tryc tam cua A ABC=> AH vuodng goc BC
=>/CAH +ZACB =90° (1)

KN 1a dudng trung tuyén ang véi canh huyén cia A vuong NHA
=> / KNA = ZKAN (2)

A ONC can tai Onén ZONC = ZOCN (3)

Tir1,23taco: 2 KAN +~2 ONC =90°

=> ~ KNO =90° hay KN la tiép tuyén cua duong tron tm O

Bai 19:. Cho A ABC c6 ba goc nhon ndi tiép trong dudng tron tim O, ban kinh R. Ha cac duong cao AH,
BK cua tam gidc. Cac tia AH, BK 1an luot cit (O) tai cac diém th hai 1a D, E.

a) Chung minh ta giac ABHK noi tiép duong tron . Xac dinh tim duong tron do.

b) Chung minh : HK // DE.

¢) Cho (O) va day AB cé dinh, diém C di chuyén trén (O) sao cho tam gidc ABC c6 ba goc nhon.
Chang minh ring d6 dai ban kinh duong tron ngoai tiép A CHK khong ddi.

a) Tirgidc ABHK c6 AKB = AHB= 90? . Suy ra Tt giac ABHK noi
tiep duong tron duong kinh AB.Ta&m O cua dudng tron ndy la
trung diém cua AB. E
b) T gidc ABHK nodi tiép nén KHA = KBA. Xét (O)co
KBA = EDA. Suy ra KHA = EDA. Do d6 HK//DE.
¢) Goi M la trung diém cua AB = M ¢6 dinh = OM khong doi.
Chung minh : AFBN la hinh binh hanh suy ra F,M,N thang hang

Chung minh : CF = 2.0M khéng doi.
Chang minh CKFH noi tiép dudng tron duong kinh CF. Suy ra d6 dai duong tron ngoai tiép tam giac

CHK biang OM = % khong doi
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Bai 20:

Cho duodng tron (O;R) dudng kinh AB ¢b dinh. Trén tia d6i cua tia AB liy diém C sao cho AC=R.
Qua C ké duong thang d vudng goc vai CA. lay diém M bit ky trén duong tron (O) khéng trung véi A, B.
Tia BM cit duong thing d tai P. Tia CM cit duong tron (O) tai diém thir hai 1a N, tia PA cét dudng tron (O)
tai diém thu hai 1a Q.

1. Chang minh tir giac ACPM 1a tir giac noi tiép.
2. Tinh BM.BP theo R.
3. Chimg minh hai duong thang PC va NQ song song.

4. Chting minh trong tim G ctia tam gidc CMB lu6n nam trén mot dudng tron ¢d dinh khi diém M
thay doi trén duong tron (O).

Giai: d
Q
. s . 3R
d)xét tam giac CMK c¢6 CK =KB = = Ik o
B
G
KB:KO+OB:>KO=3—R-RZE:>K—O:1 1)
2 2 KB 3
M
Laico ~2 1 )2 KO_XC o6 me
KM 3 KB KM ‘ N
2]

TaGke Gl AM= L _KG _1_ (R o :Z—RKhangdéi

KA KM 3 6 3

Ma goc IGO = 90° vi IG//AM va GO//MB va goc AMB = 90° nén G thude duong tron tam O ban kinh
Ol= % khong doi .

Bai 21:
Cho tam gidc ABC ¢ 3 goc nhon, ndi tiép trong dudng tron (0).Cac dudng cao BF,CK cia tam
giac ABC lan luot cit (O) tai D,E.

a) Chimg minh : TG gidc BCFK 1a tir giac noi tiép.
b) Chung minh : DE //FK.
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¢) Goi P,Q lan luot 1a diém d6i xtng véi B,C qua O.Chtrng minh duong tron ngoai tiép tam giac
AFK c6 ban kinh khong doi khi A thay ddi trén cung nho PQ (khong trang véi cac diém P,Q)
Giai:

a)BCFK noi tiép

/BKC=/BFC=90°(CK_LAB va BF LAC)=BCFK ndi tiép

b)DE//EK

/BDE=/BCE( cung chin cung EB cta (O))

/BCE=/BFK (cung chian cung BK cua (BCFK))

= /BDE=/BFK=DE//FK

¢)Ban kinh duong tron (AFK) khong d6i khi A di dong trén cung PQ
K¢ duong kinh AN va lay diém M 1a trung diém cua BC.

= /ACN=/ABN=90°=NC_LAC va NBLAB ma BHLAC va CHLAB
=NC//BH va NB//CH=BHCN hinh binh hanh=M la trung diém HN
Vi OA=ON=OM la duong trung binh A AHN=OM=AH/2 va OM//AH
Goi I 1a trung diém AH.Ta c6 ZAKH=/AFH=90°=AKHF ndi tiép
duong tron duong kinh AH=11a tdm va Al la ban kinh ctia duong tron
ngoai tiép cua tr giac AKHF hay cuia A AFK.,

Vi BC,(0) ¢b dinh=M c¢b dinh=0M cb dinh=Al =AH/2=0M c6 dinh
= duong tron ngoai tiép ciia A AFK cd ban kinh AI=OM ¢4 dinh.

Vay khi A di dong trén cung nho PQ(khong trung vaoi P,Q) thi duong
tron ngoai tiép A AFK c6 ban kinh khong doi.

Bai 22:

Cho duong tron tim O duong kinh AB = 2R. Goi C 1a trung diém cua OA; qua C ké duong thing
vudng goc véi OA cit duong tron do tai hai diém phan biét M va N. Trén cung nho BM lay diém K ( K
khac B va M), trén tia KN 14y diém | sao cho KI = KM. Goi H 1a giao diém ciia AK va MN. Chiing minh
rang:

1. Ta giac BCHK la ttr giac noi tiép.
2. AK.AH = R?
3. NI = BK
Giai:
1. Tacé6 AMB =90° (gbc ndi tiép chin nira dudng tron); MN L AB = AMB + BCH = 90° = tir giac

BCHK nai tiép
2. Taco
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AACH [ AAKB(gg)

AH _AC
->—=—
AB AK

1

= AH.AK =AC.AB = ZRER =R?

3. Ta c6: AOAM déu (can tai M va O)

= MAB = NAB = MBN = 60°

— AMBN, AKMI déu

Xét AKMB va AIMN co:

MK = MI (canh tam giac déu KMI)

= KMB = IMN
(cing cdng v6i gbc BMI bang 60°)
MB = MN (canh tam giac déu BMN)

— AKMB = AIMN(c.g.¢)
— NI =BK

Bai 23 :

Cho dudng tron tim O dudng kinh AB = 2R va C 1a mot diém nam trén dudng tron sao cho CA > CB.
Goi I 1a trung diém cua OA. V& duong thang d vudng goc véi AB tai |, cat tia BC tai M va cit doan AC tai
P; AM cit duong tron (O) tai diém thir hai K.

1/ Chting minh tir giac BCPI ndi tiép dugc trong mot dudng tron.
2/ Chimg minh ba diém B, P, K thang hang.

3/ Céc tiép tuyén tai A va C ctia dudng tron (O) cat nhau tai Q. Tinh dién tich cua t giac QAIM theo R
khi BC = R.

Giai:

a) Tu giac BCPI ndi tiép (hs tir cm).
b) Dé thay MI va AC la hai duong cao cia AMAB = P 1a tryc tim cia AMAB = BP la duong cao
thu ba = BP L MA (1).
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M
Mat khac AKB =90° (goc ndi tiép chan nira dudng tron) = BK L MA (2).
Tir (1) va (2) suy ra ba diém B, P, Q thing hang.
Qg
) AC =+AB?—BC? =+4R? —R? =R\3
Khi BC = R dé& thdy tam giac OBC la tam giac déu suy ra CBA = 60°
C
Ma QAC = CBA (gbc tao bai tia tiép tuyén va goc noi tiép cung chin AC)
do d6 QAC =60°. &
~ r —l
D& thiy tam gidc QAC can tai Q (QA = QC) c6 QAC =60° nén 1a tam giac ! ©
déu = AQ = AC =R4/3.
Dé thay Al :5; B =R
2 2
Trong tam gidc vudng |BM (i = 900) tacéd IM = IB.tan B = IB.tan 60° = 37R-x/_= 3\/%.
Ta chirg minh dugc tir giac QAIM 1a hinh thang vudng (AQ /1IM; 1 =90° ) :
2
Do dé Sgupy = %(AQ+ IM) Al = %[R\Ef’*/%].% :% 5R2«/§ _ 5‘/gR (dvdi).

Bai 24:

Cho duong tron tim O, dudng kinh AB. Trén tiép tuyén cua dudng tron (O) tai A liy diém M ( M khac A).
Tir M V& tiép tuyén tha hai MC véi (0) (C 1a tiép diém). Ké CH vudng goc véi AB (H € AB), MB cit (O)
tai diém thir hai 1a K va cat CH tai N. Chang minh rang:

a) Tu giac AKNH la tir giac noi tiép.
b) AM?=MK.MB
¢) Goc KAC bang goc OMB
d) N la trung diém ciia CH.
Giai: (HS tu giai)
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Bai 25:

Cho duodng tron (O) va mot diém A sao cho OA=3R. Qua A keé 2 tiép tuyén AP va AQ cia dudng tron
(0),v6i P va Q 1a 2 tiép diém.Lay M thudc dudng tron (O) sao cho PM song song véi AQ.Goi N 1a giao
diém thir 2 cua duong thing AM va duong tron (0).Tia PN cit duong thang AQ tai K.

1.Chirmg minh APOQ 14 tir giac noi tiép.
2.Chang minh KA?=KN.KP
3.Ké duong kinh QS cta duong tron (O).Chirng minh tia NS Ia tia phan gidc cua goc PNM .
4. Goi G la giao diém ciia 2 duong thang AO va PK .Tinh d6 dai doan thang AG theo ban kinh R.
Giai:
1) Xét tr gicgic APOQ co

APO = 90° (Do AP la tiép tuyén cua (O) ¢ P)

AQO = 90° (Do AQ la tiép tuyén cia (0) 6 Q) A

b APO+ AQO= 180°,ma hai géc nay la 2 géc doi nén tir gidc
APOQ la tir gidc ndi tiép

2) Xét A AKN va A PAK ¢6 AKP la géc chung
APN = AMP ( Géc nt......cing chan cung NP)

Ma NAK = AMP (so le trong cua PM //AQ

AK  NK
A AKN ~ A PKA P —=—p AK?’= NK.KP @
(99) oK AK (dpcm)

3) Ké duong kinh QS cua dwong tron (O)

Ta co AQ™ OS (AQ la tt cua (O) o Q)

Ma PM//AQ (gt) nén PM”™ QS

Puong kinh QS N PM nén QS di qua diém chinh giira cia cung PM nho
sdPS = sdSM b PNS = SNM (hai géc nt chan 2 cung bang nhau)
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Hay NS la tia phan gidc cua goc PNM

4) Chirng minh dwoc A AQ0 vuéng ¢ O, c6 OG™ AO(theo Tinh chat 2 tiép tuyén cat nhau)

Theo hé thirc luong trong tam gidc vuong ta co

2 2
0Q?= Ol.0AP Ol = oQ =R—le
OA 3R 3
1 8

P Al=0OA- Ol=3R- —R= =R
3 3

Do AKNQ ~AKQP (gg)P KQ?= KN.KP ma AK?= NK.KP nén AK=KQ

Vay A APQ c6 cdc trung tuyén Al va PK cat nhau ¢ G nén G la trong tam

Cho hai dudng tron (O) va (O) tiép xuc ngoai tai A. Ké tiép tuyén chung ngoai BC, B € (0), C €

(0”). Puong thang BO cat (O) tai diém thi hai 1a D.

1) Ching minh rang tir giac CO’OB 1a mét hinh thang vudng.

2) Chuang minh rang ba diém A, C, D thang hang.

3) Tu D ké tiép tuyén DE v&i duong tron (O”) (E 1a tiép diém). Ching minh rang DB = DE.
Giai:

1) Theo tinh chit cia tiép tuyén ta c6 OB, O’C vudng goc v6i BC = tir gidc CO’OB 1a hinh thang
vuong.

2)  Taco gbc ABC = goc BDC = gdc ABC + goc BCA = 90° = goc BAC = 90°
Mt khac, ta c6 goc BAD = 90° (ndi tiép ntra dudng tron)
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Viy ta c6 goc DAC = 180° nén 3 diém D, A, C thing hang.
3) Theo hé thirc lwong trong tam giac vudéng DBC ta c6 DB? = DA.DC

Mt khéc, theo hé thire luong trong dudng tron (chitng minh bang tam giac ddng dang) ta c6 DE? =
DA.DC = DB = DE.

Bai 27: Cho dudng tron (O;R) (diém O c¢b dinh, gia tri R khong d6i) va diém M nam bén ngoai (O). K¢ hai
tiép tuyén MB, MC (B,C la cac tiép diém ) cia (O) va tia Mx ndm giira hai tia MO va MC. Qua B
ké duong thing song song voi Mx, dudng thing nay cét (O) tai diém tht hai 13 A. V& dudng kinh
BB’ cua (O). Qua O ké duong thiang vudng goc véi BB’ ,dudng thang nay cat MC va B’C lan luot
tai K va E. Chirng minh rang:

1. 4 diém M,B,0,C cung nam trén mot duong tron.
2. Doan thang ME = R.
3. Khi diém M di dong ma OM = 2R thi diém K di dong trén mot duong tron ¢ dinh, chi rd tim va
ban kinh ctia duong tron do.
Giai:
1) Chitng minh M, B, O, C cung thudc 1 dwong tron
Ta c6: ZMOB =90° (vi MB 14 tiép tuyén)

ZMCO =90°(vi MC 1a tiép tuyén)

=> /MBO + £MCO = 90° + 90° = 180° AT
=> Tit gigc MBOC néi tiép M T
(vi ¢6 tong 2 goc dbi =1807) L—J—x{.r =

=>4 diém M, B, O, C cung thudc 1 duong
tron

2) Chizng minh ME = R:

Ta c6 MB//EO (vi cung vudng goc véi BB’)

=> /01= ZM; (s0 le trong)

Ma /M = £ M, (tinh chét 2 tiép tuyén cit nhau) => /M, = £ 04 (1)
C/m dugc MO//EB’ (vi cung vuong goc vai BC)
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=> /0;1= ZE; (so letrong) (2)

T (1), (2) => £ M, = £ E; => MOCE ndi tiép

=> /MEO = ZMCO = 90°

=> /MEO = ZMBO = ZBOE =90° =>MBOE Ia hinh chit nhit
=> ME = OB = R (diéu phai ching minh)

3) Chitng minh khi OM=2R thi K di déng trén I dwong tron cé dinh:
Chimg minh dugc Tam gidc MBC déu => ~ BMC = 60°

=> /BOC = 120°

=> /KOC=60°- ~0;=60°- ~M;=60°—30°=30°
Trong tam giac KOC vudng tai C, ta co:

coskoc =2 ok =_9C _ R ¥3_2J3R
OK Cos30° 2 3

Ma O ¢6 dinh, R khong ddi => K di dong trén duong tron tdm O, ban kinh =

2‘/% (diéu phai ching minh)

Bai 28:
Cho tam gidc ABC c6 ba goc nhon ndi tiép dudng tron tam O (AB < AC). Hai tiép tuyén tai B va C cat
nhau tai M. AM cit dudng tron (O) tai diém tht hai D. E 13 trung diém doan AD. EC cit duong tron (O)
tai diém thir hai F. Chirng minh rang:

1) Tu %iéc OEBM nJi tiép.

2) MB’=MA.MD.

3) BFC=MOC.
4) BF /[ AM
Giai:
1) Taco EA=ED (gt) = OE L AD ( Quan h¢ gitta duong kinh va day)
— OEM =90% OBM = 90 (Tinh chét tiép tuyén)

E va B cing nhin OM dudi mot goc vudng = T gidc OEBM nJi tiép.
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2) Ta co6 MBD =%sd BD ( gbc ndi tiép chin cung BD)

MAB = % sd BD ( gbc tao bai tia tiép tuyén va diy cung chin cung BD)

= MBD =MAB. X¢ét tam gidc MBD va tam giac MAB co:

MB _MD

Goc M chung, MBD = MAB = AMBD dong dang véi AMAB = =
MA MB

= MB? = MA.MD

1) Taco: MOC =% BOC = % sd BC ( Tinh chat hai tiép tuyén cit nhau); BFC =%sd BC (gbc noi

tiép) = BFC =MOC.
2) T gidc MFOC ndi tiép ( F+C =180% = MFC = MOC ( hai goc néi tiép cing chin cung MC),
mit khac MOC = BFC (theo céu 3) = BFC = MFC = BF // AM.

Bai 29:

Cho duong tron tam O dudng kinh AB. Trén dudng tron lay diém C sao cho AC < BC (C# A). Cac
tiép tuyén tai B va C caa (O) cat nhau ¢ diém D, AD cit (O) tai E (E= A).

1) Chting minh BE? = AE.DE.

2) Qua C ké duong thang song song véi BD cit AB tai H, DO cat BC tai F. Ching minh tir giac
CHOF noi tiép .

3) Goi I 1a giao diém cua AD va CH. Ching minh I 13 trung diém ctua CH.
Giai:
1)
Vi BD la tiép tuyén cia (O) nén BD L OB => AABD vudng tai B
Vi AB la duong kinh ctia (O) nén AE L BE

Ap dung hé thirc lugng trong AABD (ABD=90°;BE L AD) taco BE? = AE.DE
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2) D

C6 CH// BD (gt), ma AB L BD (vi BD la tiép tuyén cua (O))

C6 DB=DC (t/c hai tiép tuyén cit nhau), OB = OC (ban kinh
cua (0))

=> 0D la duong trung truc cua doan BC => OFC=90° (1)

=>CH L AB => OHC=90" 2)
Tir (1) va (2) ta c6 OFC+ OHC = 180° => tir giac CHOF noi tiép
3) C6 CH //BD=>HCB=CBD (hai goc & Vi tri so le trong) ma

ABCD can tai D => CBD =DCB nén CB la tia phan giac cia HCD

Al _ ClI

do CA L CB=>CA latia phan giac goc ngoai dinh C cua AICD = —=—— (3)
AD CD
Trong AABDc6 HI// BD => Al_H 4)
AD BD

Tir 3) va (4) => %=% ma CD=BD = Cl=HI = 11a trung diém caa CH

Bai 30:

Trén duong tron (O) ldy hai diém M, N sao cho M, O, N khong thang hang. Hai tiép tuyén tai M , N
v6i dudng tron (O) cat nhau tai A. Tir O ké dudng vudng goc véi OM cat AN tai S. Tur A ké duong
vudng goc voi AM cat ON tai 1. Chang minh:
a) SO = SA

b) Tam gidc OIA can

Giai:
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a) Chirng minh: SA = SO

Vi AM, AN la cac tiép tuyén nén: MAO = SAO (1)
Vi MA//SO nén: MAO =SOA (so le trong) (2)

Tur (1) va (2) ta c6: SAO=SOA = ASAO can = SA = SO (d.p.c.m)

b) Chitng minh tam giac OIA can
Vi AM, AN la céc tiép tuyén nén: MOA = NOA  (3)
Vi MO//AI nén: MOA=0AI (so le trong) 4)

Tu (3) va (4) ta co: I0A=1A0 = AOIA can (d.p.c.m)
Bai 31:

Cho dudng tron (O; R) c6 duong kinh AB. Ban kinh CO vudng goc véi AB, M 1a mot diém bat ky
trén cung nhé AC (M khac A, C); BM cat AC tai H. Goi K 1a hinh chiéu cua H trén AB.

1) Chang minh CBKH 4 tir giac noi tiép.
2) Chitng minh ACM = ACK

3) Trén doan thang BM lay diém E sao cho BE = AM. Ching minh tam gidc ECM 1a tam giac
vudng can tai C

4) Goi d 1a tiép tuyén cua (O) tai diém A; cho P 1 diém nam trén d sao cho hai diém P, C nam trong
AP.MB

cing mot nira mat phang by AB va =R. Chitng minh dudng thang PB di qua trung diém ciia doan
thang HK
Giai:
1) Tacod HCB =90°( do chin nia dudng tron dk AB)
HKB =90° (do K 12 hinh chiéu ciia H trén AB)
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3] c
M
=> HCB + HKB =180°
, P

nén tir giac CBKH ndi tiép trong duong tron duong kinh HB.

2) Tacé ACM = ABM (do cing chin AM cua (O)) N .

va ACK = HCK = HBK (vi cing chin HK .cia dtron dk HB) ©

Vay ACM =ACK

3) ViOC L AB nén C la diém chinh giita cua cung AB = AC = BC va sd AC =sdBC =90°
Xét 2 tam gidc MAC va EBC c6

MA= EB(gt), AC = CB(cmt) va MAC = MBC vi ciing chian cung MC cua (O)
—=MAC va EBC (cgc) = CM = CE = tam giac MCE can tai C (1)
Talai c6 CMB =45° (vi chin cung CB =90°)
= CEM = CMB = 45° (tinh chat tam gidc MCE cén tai C)
Ma CME +CEM + MCE =180° (Tinh chét tong ba goc trong tam giac)=> MCE =90° (2)
Tu (1), (2) =>tam giac MCE la tam giac vuong can tai C (dpcm).
4) Goi S 1a giao diém ciia BM va duong thang (d), N 1a giao diém cua BP véi HK.
Xét APAM va A OBM :

APMB _ o o AP _ OB icorR=0B)
MA MA MB

Theo gia thiét ta co

M3t khac ta c6 PAM = ABM (vi ciing chin cung AM cua (O))
= APAM -~ A OBM

:£=@:1:>PA=PM.(doOB=OM=R) 3)
PM  OM

Vi AMB =90° (do chan nira dtron(0)) = AMS = 90°
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= tam giac AMS vuong tai M. = PAM + PSM =90°
va PMA+PMS =90  =|PMS = PSM = PS = PM (4)
Ma PM = PA(cmt) nén PAM = PMA
Tir (3) va (4) = PA = PS hay P 1a trung diém cua AS.

NK_BN_HN NK_HN

Vi HK//AS (cung vudng goc AB) nén theo DL Ta-Iét, ta co: = = y =
PA BP PS PA PS

ma PA = PS(cmt) = NK = NH hay BP di qua trung diém N caa HK. (dpcm)
Bai 32:

Cho dudng tron (0) ¢6 tam O va diém M nam ngoai duong tron (O). Puong thang MO cit (O) tai E va F
(ME<MF). V& cat tuyén MAB va tiép tuyén MC cua (O) (C 1a tiép diém, A nam giira hai diém M va B, A
va C nam khac phia ddi véi dudong thang MO).

a)Chirng minh raing MA.MB = ME.MF
b)Goi H 1a hinh chiéu vuéng géc cua diém C 1én duong thang MO. Ching minh tir gidac AHOB noi tiép.

Trén nira mat phang bd OM c6 chira diém A, V& nira dudng tron duong kinh MF; nira duong tron nay cit
tiép tuyén tai E cua (O) o K. Goi S 1a giao diém cua hai duong thang CO va KF. Chang minh rang duong
thang MS vudng goc v6i duong thang KC.

¢)Goi P va Q lan luot 13 tim duong tron ngoai tiép cac tam giac EFS va ABS va T 1a trung diém caa KS.
Chung minh ba diém P, Q, T thang hang.

Giai:
a) Vi ta c6 do hai tam giac dong dang MAE va MBF

MA_ MF
Nén ME  MB = MA MB = ME.MF (Phuong tich cuia M ddi véi dudng tron taim O)

b) Do hé thirc lwong trong dudng tron ta c6 MA.MB = MC?, mat khéac hé thie lwong trong tam gidc vuong
MCO ta c6 MH.MO = MC2 = MA.MB = MH.MO nén tir gidc AHOB ndi tiép trong duong tron.

Xét ttr giac MKSC ni tiép trong dudng tron dudng kinh MS (c6 hai goc K va C vudng).Vay ta c6 : MK2
= ME.MF = MC2 nén MK = MC. Do @6 MS chinh la duong trung truc ciia KC nén MS vudng goc voi KC
tai V.
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c) Do h¢ thirc lugng trong tam giac MCS ta c6 MC2 =MV . MS => MA.MB = MV.MS nén S,V thu¢c
duong tron tdm Q .

Tuong ty véi ta cling c6 MC2 = MV.MS = ME.MF nén S, V thugc duong tron tam P tir d6 day chung SV
vudng goc dudng ndi tim PQ va 1a dudng trung truc caa VS (duong ndi hai tm cua hai dudng tron). Nén
PQ ciing di qua trung diém caa KS (do dinh i trung binh cta tam giac SKV). Vay 3 diém T, Q, P thing
hang.

Bai 33: Cho duong tron (O) c6 dong kinh AB ¢b dinh, M 1a mot diém thudce (O) ( M khac A va B) . Céc
tiép tuyén cua (O) tai A va M cét nhau & C. Puong tron (I) di qua M va tiép xtic véi dudng thang AC tai C.
CD la dong kinh cua (I). Chting minh rang:

1. Ba diém O, M, D thing hang
2. Tam giac COD la tam giac can

3. Pong thang di qua D va vudng goc véi BC ludn di qua mot diém cb dinh khi M di dong trén duong
tron (O)

Giai:

/

1. Ba diém O, M, D thang hang:

DC 1:246 Ma Lo —Binh Tan-HCM - DC 2: 448 Tan Phuoc —-Q11-HCM 38



Toan lop 6->12 & LTPH http://giasutrongtin.com/ GV:Doan Van Tinh - 0946069661

Ta c6 MC 1a tiép tuyén cua duong tron (0) = MC L MO (1)
Xét dudng tron (I) : Ta cé CMD =90° = MC L MD (2)
Tir (1) va (2) => MO // MD = MO va MD tring nhau
=0,M,D thé“ing hang
2. Tam giac COD la tam giac can
CA 12 tiép tuyén cia duong tron (O) = CA LAB(3)
Pong tron (I) tiép xtc véi AC tai C = CA L CD(4)
Tir (3) va (4) = CD // AB => DCO =COA (*)
( Hai goc so le trong)
CA, CM 1a hai tiép tuyén cat nhau cia (O) = COA=COD (**)

Tu (*) va (**) = DOC =DCO = Tam giac COD can tai D

3. Puong thang di qua D va vudng goc véi BC ludn di qua mot diém cd dinh khi M di dong trén d-
ong tron (O)

* Goi chan duong vudng goc ha tir D téi BC 1a H. CHD =90° = H e (I) (Bai toan quy tich)
DH kéo dai cdt AB tai K.

Goi N 1a giao diém ciia CO va duong tron (I)

_ ano
:>{CND‘90 = NC = NO

ACOD can tai D
Ta c6 tir gidc NHOK noi tiép
Vicé H, =0, =DCO ( Cung bu véi goc DHN) = NHO + NKO =180° (5)
* Tacd: NDH = NCH (Cung chin cung NH cta dudng tron (1))

CBO = HND(: HCD):> ADHN () ACOB (g.g)
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HN OB

==

HD  OC

_, OB _OA _ AN _ON 13 ONH = CDH

oC _0OC HD _CD

OA CN ON
:> = =

oC CD cD

=ANHO(NADHC (c.g.c)

= NHO =90° Ma NHO+NKO =180°(5) = NKO=90°, = NK L AB = NK // AC = K 1a
trung diém ctia OA ¢ dinh = (PPCM)

Bai 34:

Cho tam gidc ABC vudng ¢ A, duong cao AH. V& duong tron tam O, duong kinh AH, duong tron
nay cit cac canh AB, AC theo thir ty tai D va E .

1/ Chang minh tir giac BDEC 1a ttr giac ndi tiép duge dudng tron.

2/ Chtrng minh 3 diém D, O, E théng hang.

3/ Cho biét AB =3 ¢cm, BC =5 cm. Tinh dién tich tir giac BDEC.

Giai:

1/ N6i H véi E .
+ /HEA=90° (vi AH la duong kinh), ZAHC =90° ( AH la duong cao)
=> /AHE = ZACB (cung phu véi ZEHC) 1)
+ /ADE = ZAHE ( gbc ndi tiép cling chan cung AE) (2)

T (1) va (2) => ZADE = ZACB =>Tt gidc BDEC noi tiép duong tron ( c6 goc dbi
bang goc ké bu goc ddi)

2/ Vi ZDAE =90° => DE la duong kinh => D, O, E thang hang (dpcm).
3/ Ta cod SBDEC = SAABC _SAADE

+AABC vudng c6 AH la duong cao:
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A

AC =JBC?—AB? = 4cm =>s,,,, = 2BAC g (cm?) <
o
D
DE = AH = ABB'éC =% (cm) ( cing 1a duong kinh dt O).

B

+AADE vaAABC c6: ~ZAchung, ZADE = £ ACB (cdu 1)
=> AADE ~ AABC (g.g) => ti s6 dién tich bing binh phuong ti d6ng dang :

& S aaeD :(

SAABC

DEY _ Suuc DE?
BC MAED BC?

DE’® 12?

B_CZ) =6(1- =T )= 4,6176 (cm?)

+ SBDEC = SAABC - SAADE = SAABC -

Bai 35: Cho diém M nam ngoai duong tron (O). VE cac tiép tuyén MA, MB (A, B 1a cac tiép diém) va cat
tuyén MCD khong di qua O (C nam giita M va D) véi dudng tron (O). Poan thang OM cit AB va (O) theo
thir ty tai Hva L.

Chuang minh rang:

a) Tir giac MAOB noi tiép duong tron
b) MC.MD = MA?
c) OH.OM + MC.MD = MO?
d) CIla tia phan giac goc MCH
Giai:

a) Vi MA, MB 1a tiép tuyén cua (O)

nén / MAO = / MBO =90°

suy ra A, B cing nim trén dudng

tron duong kinh MO hay tr gidc
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MAOB ni tiép.
b) AMAC [] AMDA(g.g)
MA _MD
MC MA
— MA?=MC.MD (dpcm)

¢) Ta c6 : OM.OH = OA? (Theo hé thirc luong)
MC.MD =MA? (cm trén)

Suyra: OM.OH + MC.MD = OA?+ MA?= OM?

Vay OM.OH + MC.MD = OM? (dpcm)

d) D& thdy : MH.MO = MC.MD (= MA?)

MH MC

két hop voi « DMO chung
MD MO

= AMCH [J AMOD (g.9)

_MC_MO_MO,  MC_MO
CH OD OA

CH OA @

Tacd: ZMAI= ZIAH (2 goc cung chin 2 cung bang nhau )

@

IH AH

= Al la phan giac ciia goc MAH. Theo tinh chat duong phan gic trong tam giac ta co:

Xét AMHA va AMAO ¢6: £ OMA chung
ZMHA = ZMAO = 90°
Do d6: AMHA 11 AMAO (g.g)

MO MA

oA AR ")

Tu (1)(2)(3) suy ra: CcH = ﬁ suy ra CI 1a tia phan giac cua goc MCH(dpcm)
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Bai 36: Cho tam giac ABC vuodng tai A va duong cao AH (H € BC). Dung duong tron tdam O duong kinh
AH cit AB tai E, cat AC tai F. Céc tiép tuyén véi duong tron (O) tai E va F 1an luot cat canh BC tai M va
N.
1. Chtring minh rang: ’
a. Tu giac MEOH néi tiep dugc trong mot duong tron
b. AB.I:IE:AH.HI?)
c. BadiémE, O, F thang hang

2. Cho AB=210cm, AH=2/6cm. Tinh dién tich tam giac OMN.

Giai:
1.a) OEM +OHM =90° +90° =180° nén ti giac OEHM ndi tiép duoc trong mot dudng tron.

1.b) 2S,;, =HE.AB=AH.AB. AABH vudng c6 duong cao HE.

1.c) Tu gidc AEHF c6 A=E =H =90° nén 1a hinh chit nhat => AH = EF ma AH la duong kinh nén EF
ciing 1 duong kinh => E; O; F thang hang.

2) Ta c6 ME = MH ( tinh chét hai tiép tuyén) va OE = OH = R nén OM la trung tryc cua EH

Ta lai c6 OA = OH nén OM la duong trung binh cta tam giac AHB = OM = % AB =+/10

1 1 1 1 1 16
Tam giac ABC vudng tai A nén: = - = = AC =24/15
8 gt ACZ AHZ ABZ 24 40 24.40

Tuong tu ON la dudng trung binh ctia tam gidc HAC nén ON = % AC =+/15

5V6

Tam gisc OMN ¢6 OM L ON (vi AB L AC)nén Sy, = ;OM ON = 1\/_\/_——cm

Bai 37:

Cho dudng tron tam O, dudng kinh AC = 2R. Tir mot diém E ¢ trén doan OA (E khong tring véi A
va 0). K¢ day BD vudng goc voi AC. Ké duong kinh DI cia duong tron (O).

a) Chang minh ring: AB = ClI.
b) Chung minh rang: EA® + EB? + EC? + ED? = 4R?
2R

c) Tinh dién tich cua da giac ABICD theo R khi OE = Y
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Giai: e N,

a)  Chuang minh ring: AB = Cl. M

Ta c6: BD L AC (gt)

DBI =90° ( goc ndi tiép chin nira duong tron) = BD L BI

Do do: AC//Bl = AB=ClI = AB=Cl

b) Chung minh ring: EA? + EB? + EC? + ED? = 4R?
ViBDLAC = AB=AD nénAB=AD

Ta c6: EA® + EB® + EC* + ED” = AB? + CD° = AD* + CD* = AC’ = (2R)*= 4R’

c) Tinh dién tich cua da gidc ABICD theo R khi OE = 2?R

SagicD = Saep * SaBic = % .DE.AC + % EB(Bl + AC)

x0e=2R AE=R vapc- R 4r=R
3 3 3 3
2
“DEl=AEECc= R SR_BR® L RE o RS
33 9 3 3
*BI=AC_2AE=2R_2 R =R
3 3
1 R 1 RJ5 4R RJ5 16R  8R%/5
Vay: S == ¥ op+ = X2 (24 9R)= . = dvdt
dY. SABICD 5 3 2 3 (3 ) 6 3 9 ( )

Bai 38: Cho nira dudng tron tim O duong kinh AB = 2R va tiép tuyén Ax cung phia Vi nira dudng tron
d6i voi AB. Tir diém M trén Ax ké tiép tuyén thir hai MC véi nira duong tron (C 1a tiép diém). AC cit OM
tai E; MB cit nira duong tron (O) tai D (D khac B).

a) Chimg minh AMOC 1a tir giac ndi tiép dudng tron.

b) Ching minh AMDE 1a t&r giac ndi tiép dudng tron.
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¢) Chirng minh ADE = ACO

Giai:

a) MAO = MCO =90° nén ttr gidc AMCO nobi tiép

b) MEA = MDA =90°. Tt giac AMDE ¢6

D, E cing nhin AM duéi cung mot goc 90°

Nén AMDE noi tiép
¢) Vi AMDE ndi tiép nén ADE = AME cuingchan cung AE
Vi AMCO néi tiép nén ACO = AME cungchan cung AO

Suy ra ADE =ACO

Bai 39: Cho duong tron (O) dudng kinh AB. Trén tia d6i cua tia BA lay diém C (C khong triung véi B). Ké
tiép tuyén CD véi dudng tron (0) (D 1a tiép diém), tiép tuyén tai A ciia dudng tron (O) cat duong thang CD
tai E. Goi H 1a giao diém cua AD va OE, K 1a giao diém cua BE voi duong ton (O) (K khong tring véi B).

1) Chung minh AE? = EK . EB.

2) Ching minh 4 diém B, O, H, K cung thugc mot duong tron.

3) Puong thang vudng goc voi AB tai O cat CE tai M. Chang minh AE_EM 4.
E EM CM
Giai: M
K= p
1) Ching minh AE? = EK . EB. : '
. . Al o] ‘:TB C
+ Chi ra tam giac AEB vuodng tai A.
\ /
+ Chi ra goc AKB =90° suy ra AK 1a duong cao cia tam \ / giac vudng AEB.
+ Ap dung hé thirc v& canh va dudng cao trong tam gidc vudng AEB tacd AE?=EK . EB
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2) Chirng minh 4 diém B, O, H, K cung thudc mot duong tron.
+ Chi ra tr gisc AHKE noi tiép suy ra goc EHK = goc EAK
+ Chi ra goc EAK = goc EBA

+ Suy ra tir gidc BOHK ndi tiép suy ra 4 diém B, O, H, K cung thudc mot dudng tron

3) Puong thang vudng goc v6i AB tai O cit CE tai M. Chiing minh AE _EM =1.
EM CM
+ Chi ra tam giac OEM can tai E suy ra ME = MO.
. . o . . . CE AE
+ Chira OM // AE, ap dung dinh ly ta — 1ét trong tam giac CEAtacé —=—
CM OM
, CE AE CE-CM AE-OM EM AE AE EM
+Tacd = = = = = 1= _ -1
CM OM CM oM CM OM oM CM
Ma ME = MO nén suy ra AE_EM =1(dpcm)
EM CM

Bai 40:

Cho hinh vuéng ABCD. Trén canh BC, CD lan luot ly diém E, F sao cho EAF = 45°. Biét BD cit AE,
AF theo thtr tu tai G, H. Chirng minh:

a) ADFG, GHFE la cac ttr gidc noi tiép A B
b) ACGH va tir giac GHFE c6 dién tich bang nhau
Giai: G
E
a) (Hinh2) O
*) Chitng minh tir gidc ADFG ni tiép. H |
ABCD 14 hinh vuéng nén BDC = DBC = 45°
Xét tit giac ADFG c6 : D F C
Hinh 2

GAF=EAF=45" va GDF=BDC=45%".
Hai dinh lién tiép A va D cing nhin canh GF du6i mot goc bang 45° nén tir giac ADFG ndi tiép.
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*) Chitrng minh tir gidc GHFE ndi tiép.

Chimg minh tuong ty nhu trén ta ¢ tr gisc ABEH ndi tiép.

Tir giac ADFG noi tiép nén AGF + ADF = 180°

= AGF= 180" - ADF=180°-90°=90°= EGF=90°.
Ti gidc ABEH noi tiép nén AHE + ABE = 180°

= AHE =180 - ABE=180°-90°=90°= EHF=90°.

Xét tir giac GHFE c¢6 hai dinh lién tiép G va H cung nhin canh EF dudi mot goc 90° nén 1a tir gidc
noi tiép.

b) Goi O la giao diém ciia AC va BD, I 14 giao diém cia AC va GF.
T giac ABCD 1a hinh vudng nén duong chéo BD 1a tryc ddi xtmg cua AC = GA =GC,
HA = HC. Do d6 AAGH = ACGH (C-C-C) = SacH = SceH'

AAGF vuéng can tai G (vi AGF = 90° va GAF = 45°) nén GFA = 45°; ABCD la hinh vudng
nén ECA = BCA=45". Suyra GFA= ECA (= 45°).

Mat khac, AAGI vuong tai G ¢6 GO L Al (vi BD L AC, BD la duong trung truc cia AC) nén
GAI = EGI (vi cung phu v6i AGO) hay EAC = HGF.

Xét AAEC va AGHF ¢c6 GFA = ECA va GAIl = HGF (chimg minh trén) nén AAEC
AE AC
~AGHF (g9.9). Suyra: — = —— = AE.GF = AC.GH 1)
GH GF
Tt gidc AGCH c6 hai dudng chéo vudng goc (AC L GH) nén SagcH = EAC.GH (2)
AAEF ¢6 duong cao FG tng v6i canh AE nén Sagr = EAE.GF 3) Tu

(1), (2) va (3) suy ra : SaccH = Saer < SagH + SceH = SacH + Schre

= SceH = SeHre (dpecm)
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Bai 41:

Cho AABC khéng céan, duong cao AH, ndi tiép trong duong tron tam O. Goi E, F thtr tu 1a hinh
chiéu cua B, C 18én dudng kinh AD caa dudng tron (O) va M, N thtr tur 13 trung diém cua BC, AB. Ching
minh:

a) Béndiém A, B, H, E cung nam trén duong tron tim N va HE// CD.

b) M la tim duong tron ngoai tiép AHEF.

Giai: A
a)  (H.3)
CM bon diem A, B, H, E cung thudc dwong tron tam N.

Vi AEB = AHB = 90° nén H, E cing nim trén duong N
tron duong kinh AB. Ma N 14 trung diém ctia AB. O

Suy ra bon diém A, B, H, E cung thudgc duong tron tam N,

ban kinh % . I

Chirng minh HE // CD: D

. L Hinh 3
T giac ABHE noi tiép duong tron tam N, nén : !

BAE + BHE = 180° (téng 2 gbc ddi cua tir gidc ndi tiép),

ma EHC+ BHE =180° (hai goc k& bu)

— BAE = EHC (cungbavéi BHE)  hay BAD = EHC (1)
Mit khac, BCD = BAD (gbc ndi tiép cung chan BD) 2)

Tir (1) va (2) suyra BCD = EHC.

Hai géc nay ¢ vi tri so le trong nén HE // CD.

b) Goi K 1a trung diém ctia EC, 112 giao diém cua MC véi ED.
ABCE c¢6 MB = MC (gt), KE = KC (cach dung) nén MK 1a duong trung binh.

— MK // BE; ma BE L AD (gt)

= MK L AD (quan h¢ vudng goc-song song) hay MK L ED 3)
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Lai c6 CF L AD (gt) = MK// CF hay Kl // CF.

AECF ¢6 K1// CF, KE = KC nén IE = IF (4)

Tur (3) va (4) suy ra MK la duong trung truc cia EF = ME = MF (5)

Xét AABC ¢6 MB = MC, NB = NA (gt) nén MN la duong trung binh = NM // AC.

Ta lai c6 HE // CD (cau a)), ACD = 90° (gbc ni tiép chin nira dudng tron (O)) hay AC L CD nén HE L
AC (quan h¢ vudng goc-song song)

Suy raNM L HE (vi NM // AC, HE L AC).

Xét duong tron tAm N ¢6 HE 1a day cung, NM L HE nén NM di qua trung diém ctia HE.
Do d6 NM la duong rung tryc cia HE. Suy ra MH = ME (6)

Tw (5) va (6) suy ra MH = ME = MF.

Vay M la tam dudng tron ngoai tiép AHEF.

Bai 42:

Cho nira dudng tron duong kinh AB. Goi H 14 diém chinh giita cung AB; M 1a mét diém nidm trén
cung AH, N 1a mot diém nam trén day cung BM sao cho BN = AM. Chting minh:
a) AAMH = ABNH.
b) AMHN la tam giac vuong can.
c¢) Khi M chuyén dong trén cung AH thi duong vudng goc voi BM ké tir N udn di qua mot
diém cb dinh & trén tiép tuyén cua nira dudng tron tai diém B.
Giai:

a) D& thdy AHB= AMB=90° (goc noi tiép chin nira dudng tron) va HA = HB

(vi H ndm chinh giita cung AB). H
M 2
Xét AAMH va ABNH ¢6 : \
AM = BN (gia thiét)
N
A: = B: (hai goc ndi tiép cung chan MH) A @) B

HA = HB (ching minh trén)
= AAMH = ABNH (c.g.c)
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b) Vi AAMH = ABNH (ching minh trén) nén HM = HN va Hi= Hs

AMHN ¢6 MHN = H:+ Hz = Hs + H2 = AHB = 90° va HM = HN nén 13 tam giac vudng cin
tai H.

¢) GoiIla giao diém cua tiép tuyén cua (O) tai B va dudng thing vudng goc véi BM tai N 1a L.
Xét AAMB va AMNI ¢6 :

AMB = BNI =90°

AM = BN (gia thiét)
MAB = NBI (= %sd BHM)

= AAMB = AMNI (g.c.g) = AB = BI.
Do AB ¢ dinh nén tiép tuyén tai B ¢6 dinh = I ¢6 dinh.

Vay khi M chuyén dong trén cung AH thi dudng vudng goc véi BM keé tir N ludn di qua mot diém
¢d dinh & trén tiép tuyén cua nira dudng tron tai diém B.

Bai 43:

Cho (O) duong kinh AC. Trén doan OC ldy diém B va v& duong tron (O°) dudng kinh BC. Goi M
1a trung diém doan AB. Tir M ké day cung DE L AB. Goi I 14 giao cua DC véi (O”). Chtrng minh rang :

a) ADBE la hinh thoi.
b) BI// AD.

. D
c) I, B, Ethang hang .
Giai:
a) AC L DE tai M = M la trung diém ciia DE.
T gidc ADBE c6 hai duong chéo vudng gdéc voi nhau A M 8 O /B O C
tai trung diém ctia mdi dudng nén 1a hinh thoi.
b) D& thdy ADC= BIC=90° = AD L CD, BI L CD
Do d6 BI// AD. E

¢) Taco EB// AD (vi ADBE I hinh thoi) vda AD 1 CD nén EB L CD.
Qua B c6 EB va BI cung vudng goc v6i CD nén E, B, I thang hang
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Bai 44:

Giai:

Trén dudng thang d ldy ba diém A, C, B theo thtr tu d6. Trén nura mat phang bo d ke
hai tia Ax, By cung vuéng goc voi d. Trén tia Ax lay I. Tia vudng goc voi CI tai C cat By
tai K. Buong tron duong kinh IC cat IK tai P.

a) Chtng minh t&r giac BCPK ndi tiép duoc dudng tron .
b) Chang minh: ALLBK = AC.CB

c) Giasu A, B, | ¢ dinh. Hay xac dinh vi tri diém C sao cho dién tich hinh thang vuong ABKI

max.

a) Vi P thuoc duong tron duong kinh IC nén
CPI=90" = CPK=90°

Tir giac BCPK c¢6: CPK 4+ CBK = 90° + 90° = 180°

nén ndi tiep dugc duong tron.

b) Vi ICP=90°= C,+C.=90°.

Ma Ki+ C, =90 (vi AKBC vuéng tai B)
= Ci=K;

Xét AIAC va ACBK ¢6 : IAC= KBC=90°, C: = K1 (ching minh trén)

= AIAC ~ ACBK (g.9) = Al _AC = AL.BK = AC.BC (dpcm)

~ . _ = . = . cm).
9= BCcTBK P

¢) S = AB-(BK+ Al), BK = ACBC

2

Vi AB va Al khong d6i (do A, B, I ¢6 dinh)nén S, max

ABKI
< BK max < AC.BC max.
Do tong AC + BC = AB khong d6i nén AC.BC max

< AC = BC < C la trung diém cua AB.

Vay dé dién tich hinh thang vuong ABKI max thi C phai la trung diém cta AB.

DC 1:246 Ma Lo —Binh Tan-HCM -

DC 2: 448 Tan Phuoc —-Q11-HCM

51



Toan lop 6->12 & LTPH http://giasutrongtin.com/ GV:Doan Van Tinh - 0946069661

Bai 45

Tir mot diém S & ngoai dudng tron (O) v& hai tiép tuyén SA, SB va cat tuyén SCD cua dudng tron

do.
a) Goi E 1a trung diém cua day CD. Chtrng minh 5 diém S, A, E, O, B cung thudéc mot duong tron
b) Néu SA = AO thi SAOB 14 hinh gi? Tai sa0?
¢) Chumg minh ring: AC.BD = BC.DA = %CD
Giai:
a) Goi I 1a trung diém cua OS. D

Theo tinh chét tiép tuyén, ta co :

SAB=SBA =90’

= A, B cung thugc duong tron tdm I, duong kinh OS
) B

Theo tinh chat duong kinh va day cung, ta c6 :
OE 1 CD hay OES=90°

= E thugc duong tron tam I, duong kinh OS (2)

T (1) va (2) suy ra 5 diém S, A, E, O, B cung thudc duong tron tam I, duong kinh OS.
b) Tacé OA = OB (ban kinh ctia (0)), SA = SB (tinh chat 2 tiép tuyén cit nhau)

Do d6, néu SA = OA thi SA = SB =0A = OB = SAOB l4 hinh thoi.

Ma SAB=SBA = 90° = SAOB I hinh vuéng.

Vay néu SA = OA thi SAOB 14 hinh vuéng.
¢) Xét duong tron (I) : BAE = BSE  (3) (hai goc noi tiép cing chin EOB)

Xét duong tron (O) :

1
BSE =BSD = E(Sd BD—sd BC) (BSD la goc c¢6 dinh & ngoai dudng tron (O)).
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Ma BAC= %Sd BC; BAD= %Sc’[ BD

= BSE = BSD = BAD - BAC (4)

Tu (3) va (4) suyra: CAE = BAE + BAC= BAD - BAC+ BAC hay CAE = BAD

Xeét AACE va AABD c6 :
CAE = BAD (chtrng minh trén)

ACE = ABD (hai goc noi tiép ciing chin cung AD).
— AACE ~ AABD (g.9)

LAC_CE | ecE-AcED®)
AB  BD

Xét AAED va AACB ¢6 :
DAE = BAC (= BAD- BAE= CAE - BAE)

ADE = ABC (hai goc néi tiép ciing chin cung AC).
= AAED ~ AACB (9.9)

= £= E = AB.DE = AD.BC(2)
BC

AB
Tu(l)va(2)suyra:
AB.(CF + DE) = AC.BD + AD.BC hay AB.CD = AC.BD + AD.BC 3)

Xét ASAC va ASDA ¢6 :

ASD chung.

SDA = SAC (gbc noi tiép va goc tao boi tia tiép tuyén va mot day cung cing chin cung
AC).
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SA AC
= ASAC ~ ASDA (g. = —=— 4
(9.9) SD_ AD 4
SB BC
Ching minh tuong ty, ta cting c6 ASBC ~ASDB (g.9) > —=— 5
g gt g (9.9) SO BD ®)
Vi SA = SB (tinh chét hai tiép tuyén cét nhau), nén tir (4) va (5) suy ra :
AC_BC — AC.BD = AD.BC (6)
AD BD

Tu (3) va (6) suyra AC.BD = BC.DA = @ (dpcm).

Bai 46: Cho AABC vudng ¢ A. Nura dudng tron duong kinh AB ¢t BC tai D. Trén cung AD ldy mot diém
E. N6i BE va kéo dai cat AC tai F.

1. Chimg minh: CDEF la mét tir gidc ndi tiép.

2. Kéo dai DE cét AC ¢ K. Tia phan gic ctua goc CKD cat EF va CD tai M va N. Tia phéan giac
cua goc CBF cat DE va CF tai P va Q. Tt giac MPNQ 1a hinh gi? Tai sao?

3. Goir, 1,17 13 theo thtr ty 13 ban kinh cta duong tron ndi tiép cac tam giac ABC, ADB, ADC.
Chang minhrang r* =17+,

Giai:
1. (H.1) B
Vi ADB = 90° (géc ndi tiép chin nira duong tron) nén D
AD 1 BC. Suyra BAD = ACB (cung phu v6i ABD)
hay BAD = DCF A N
I
Ma BAD = BED (goc ndi tiép cung chin BD) Suy M
ra DCF= BED. A K F O C
Hinh 1

Xét tir giac CDEF c¢6
DCF + DEF= BED + DEF=180° (BED, DEF 1a 2 goc k& bu)

= tir giac CDEF ndi tiép.
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2. DEF la géc ngoai cua ABEP nén : DEF= PBE + BPE
BPE 1a goc ngoai cua APKI nén : BPE = PIK + PKI

— DEF=PBE+PIK+PKI (1)
BQK 1a goc ngoai ciia ABQC nén : DCF= IQK — QBC

PIK 13 goc ngoai cia AIKQ nén : 1QK = PIK — QK

— DCF=PIK-QKI-QBC (2)

Ma PBE = QBC (BQ I tia phan gidc cia CBF)

va PKI = QKI (BN I tia phan gidc cia CKD)

nén tir (1) va (2) suy ra DEF+ DCF = PIK — QKI — QBC + PBE + PIK + PKI = 2PIK

hay 180° = 2PIK = PIK=180°:2=90° = BI L MN, KI L PQ, MN L PQ.

AMBN c6 BI vira 1a dudong phan giac vira 1a duong cao nén la
tam giac can tai B

= BI dong thoi 1a dudng trung tuyén tmg voi canh MN = IM
=IN.

T giac MPNQ c6 IM = IN, IP = IQ nén 1a hinh binh hanh.
Lai c6 MN L PQ nén MPNQ 1a hinh thoi.
3. H.2

Goi O, O7 va Oy theo thtr ty 1a tdm dudng tron ndi tiép AABC,
AABC va AACD.

Suy ra AO; la tia phan giadc cua BAD va CO la tia phan giac cia ACB, BO, la tia
phan giac cua ABC.
BAD ACB

va Co=——

2
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Ma BAD = ACB (cung phu véi CAD) nén BAO, = C;

Goi H 12 tiép diém cta BC véi (0), I 1a tiép diém cua AB véi (Oy), K 1a tiép diém caa AC véi (Oy)
thi OH = T, O1l=r,0,K=r,vaOH L BC, 10; L AB, 10, L AC.

Xét ABO1A va ABOC ¢o6 :
B: = B2 (vi BO; la tia phan giac cia ABC)

BAO, = C; (chung minh trén)

— ABO;A ~ ABOC (g.g) = Ol _AB hay L_AB
OH BC r BC
o 1, AC
Chting minh tuong tu, ta c6 == ——
r BC
2 2 2 2 2 2
Suy ra Ly r—22 _AB + AC_AB +AC 1 (do AB? + AC? = BC? (d.1 Pitago))

rr r BC* BC*  BC’
= r’= t‘l2 + I’22 (dpcm).
Bai 47:

Cho AABC c6 ba goc nhon noi tiép trong du’(‘rng tron tdm O, ban kinh R. Ha cac duong cao AD, BE
cua tam gidc. Céc tia AD, BE lan lugt cat (O) tai cac diém thu hai 1a M, N.

1. Chuang minh riang bén diém A, E, D, B ndm trén mot dudng tron. Tim tdm I ctia duong tron do.
2. Chung minh rang: MN // DE
3. Cho (O) va day AB cb dinh, diém C di chuyén trén cung 16n AB. Chiing minh rang d6 dai ban
kinh dudng tron ngoai tiép ACDE khong doi.
Giai:
1. (H.2
Vi AEB = ADB = 90° nén E, D cung thudc duong tron dudng kinh AB.
Do d6 bén diém A, E, D, B nam trén mot dudng tron dudng kinh AB.

Tam I ctia duong tron chinh 1a trung diém cta AB.
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2. Xétduongtrontam I :
ADE = ABE (hai goc néi tiép cung chin cung AE)

Xét duong tron tam O :

AMN = ABN (hai gc ndi tiép cing chin cung AN)
hay AMN = ABE (vi E € BN).

T d6 suy ra ADE= AMN .

Hai goc ndy & vi tri ddng vi bang nhau nén DE // MN B D C
(dpcm).

3. Goi H la tryc tam cua AABC = BH 1. ACva CH L
AB (1) Hinh 2

K¢ duong kinh AK thi ABK = ACK = 90° (goc noi
tiép chan nira dudng tron (0)).

Hay KB L ABvaKC L AC )
Tu (1) va (2) suy ra BH // KC va CH // KB = BHCK Ia hinh binh hanh.
Do d6 CH = BK.
AABK vuong tai B nén theo dinh li Pitago :

BK? = AK? — AB? = 4R?* — AB? (v6i R 1a ban kinh cta (O)).

— CH =BK = v4R? — AB? (R > AB/2 vi AK > AB)

Xét tir giac CDHE ¢6 HDC = HEC = 90° nén E, D cung thudc dudong tron duong kinh CH. Noi
cach khac, duong tron duong kinh CH ngoai tiép ACDE. Bén kinh ctia dudng tron nay bang

CH AB? .
— =,|R?* = —— khong dbi.
2 4
Vay khi diém C di chuyén trén cung 16n AB thi d6 dai ban kinh dudng tron ngoai tiép ACDE khong
doi.
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Bai 48:

Cho nira duong tron tim O dudng kinh AB. Lay diém D trén cung AB (D khéc A va B), lay diém C
nam giira O va B. Trén ntra mat phang by AB ¢6 chira D ké cac tia Ax va By vudng goc v6i AB. Puong
thing qua D vudng goc v6i DC cit Ax va By lan luot tai E va F.

Giai:

1. Xét tor gidc BCDF c6 :
CDF+ CBD=190°+90° =180°
nén tir giac BCDF 14 tir giac noi tiép.
= DFC = DBC (hai goc ndi tiép cing chan CD)

2. Chung minh tuong tu nhu trén, ta c6 :

1. Chtng minh: DFC= DBC

2. Chung minh : AECF vuong

3.

4. Chung minh ring dudng tron ngoai tiép AEMD va duong tron ngoai tiép ADNF tiép xuc nhau

Gia str EC cat AD tai M, BD cat CF tai N. Chting minh : MN // AB

tai D.

DEC= DAC

A O C B

AADB c6 ADB = 90° (goc néi tiép chin nira dudng tron)
nén la tam giac vudng tai D

= DAC+ DBC=90° = DEC+ DFC=90°

Do d6 AECF vudng tai C (dpcm).

3. Tu giac BCDF noi tiép nén : DBC = DFC (1) (hai goc noi tiép cting chan cung CD).

T giadc CMDN ¢6 MCN + MDN = 90° + 90° = 180° nén ndi tiép duoc dudng tron.

= DNM=DCM (2) (hai goc ndi tiép cing chan cung MD).

AECF vuong tai C, ACDF vudng tai D nén :

DCM = DFC (3) (cung phu véi DCF)
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Tu (1), (2) va (3) suyra DBC= DNM
Hai goc nay & vi tri dong vi bang nhau nén MN // AB (dpcm)

4. GoiI la trung diém cta MN, J va K theo thr ti 13 tim cac duong tron ngoai tiép cac tam giac EMD
va DNF.

AMDN vuéng tai D nén IM = IN = ID.

TG gidc ACDE c6 CAE + CDE = 180° nén néi tiép duoc duong tron.
= DAC = DEC (hai goc ndi tiép cing chan cung CD)

Mit khac: DMN = DAC (d6ng vi, MN // AB)

Suy ra DMN = DEC hay DMN = DEM (vi M € EC)

Xét duong tron tim J : DMN = DEM = %Sd DM

— MN la tiép tuyén tai M cua duong tron (J) = JM L MN hay JMI = 90°
Xét AIMJ va AIDJ ¢6 :
IM = ID (ching minh trén)
JM =JD (ban kinh ctua duong tron (J))
1J 1a canh chung
= AIMJ = AIDJ (c.c.c) = IDJ= IMJ = 90°
Chimg minh tuong tu, ta c6 IDK = INK = 90°
Suy ra JDK = IDJ + IDK = 180°
= J, D, K thang hang va D nam giita J va K = JK = JD + DK.

Do d6 hai duong tron (J) va (K) tiép xtc v6i nhau tai D = dpem.
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Bai 49:

Cho ntra dudng tron (O) duong kinh AB = 2R. Trén nira mt phéng b AB chira nira duong tron ke
hai tia tiép tuyén Ax va By. Qua diém M thudc nira duong tron (M khac A va B) ké tiép tuyén thir ba cit
AxvaBy o C,D.

1. Chung minh:
a) CD=AC+BD;
b) AC.BD =R?

2. Xac dinh vj tri diém M dé tr giac ABDC c6 dién tich nho nhat.
3. ChoR =2cm, dién tich t&r giac ABDC béng 32cm?. Tinh dién tich AABM

Giai:
1. (Hinhve,
(Hinh veé) ’ ’ o X y
a) Theo tinh chat hai tiép tuyén cat nhau, thi :
AC =MC, BD = MD D
M
= AC +BD =MC + MD =CD. C
Vay CD = AC + BD.
b) Ciing theo tinh chit hai tiép tuyén cit nhau, ta co : A 0O B

OC la tia phan giac caa MOA ; OD Ia tia phan giac cia MOB

Ma MOA va MOB 14 hai goc ké bi nén OC L OD = ACOD vudng tai O.

Xét ACOD vuong tai O c¢6 duong cao OM nén theo h¢ thire lugng trong tam giac vuong : OC.MD =
OM? hay AC.BD = R? (dpcm).

2. T gidc ABDC c¢6 AC // BD (cung L. AB) va A= B=90° nén 1a hinh thang vudng.
_ (AC+ BD).AB (AC+ BD).2R

ABDC —
2

=S

= (AC+ BD)R

= Sappc Min < AB + BD min
Do tich AC.BD = R? khong d6i nén téng AC + BD min < AC = BD < MC = MD
< M nam chinh giira ntra dudng tron duong kinh AB.

Viy diém M nam chinh giita nira dudng tron duong kinh AB thi dién tich t& gisc ABDC s& nho
nhit.
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3. Tacé: S, =(AC+ BD).R hay32=(AC + BD).2 = CD = AC + BD = 16 (cm).

ABDC
Tir giac OACM c6 OMC + OAC = 180° nén néi tiép duoc dudng tron.
= OAM = OCM (hai goc ndi tiép cung chan cung OM)

Xét AAMB va ACOD ¢6 : AMB = COD =90°, OAM = OCM (chtng minh trén)

2 2
nén AAMB ~ ACOD (g.9) = Syue = (ABJ :( 4) = i,

S.., \cb) \16) 16
ma S —EOMCD—£-216—16 (cm?) =S —iS —i16—1(cm2)
ACOD 2 . 2 . AAMB 16 ACOD 16 . .

Vély Saame =1 (sz).

Bai 50:

Cho duong tron tim O, dudng kinh AB = 2R. Goi I 1a trung diém ciia AO. Qua | ké day CD vuong
goc vai AB.
1. Chung minh:
a) T giac ACOD la hinh thoi.

b) CBD= %CAD.

N

Chting minh rang O 1a tryc tam cua ABCD. o
3. Xac dinh vi tri diém M trén cung nho BC dé tong
(MB + MC + MD) dat gia tri I6n nhat.

Giai:

1. a) Theo tinh chat dudng kinh di qua trung diém cta mot
day cung khong di qua tam, ta c6 IC = ID.

T gidc ACOD c6 hai duong chéo OA va AC vuong goc
v6i nhau va di qua trung diém ctiia mdi duong nén 13 hinh thoi

Hinh 2

b) Hai goc COD (géc & tam) va CBD (goc ndi tiép) cung chain CAD nén: CBD = %COD .
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Nhung COD = CAD (hai goc d6i cua hinh thoi ACOD).

1
Do d6 CBD = ECAD.
2. Theo gia thiét BI 1 CD = BI 1a mét dudng cao cia ABCD @
Lai ¢6 DO // AC (do ACOD 14 hinh thoi), AC L BC (vi ACB = 90°(gbc noi tiép chin ntra duong
tron)) nén DO 1. BC = DO la duong cao thir hai cia ABCD 2

Tir (1) va (2) suy ra giao diém O ciia BI va DO chinh 14 truc tdm ciia ABCD.

3. Vi BI la duong trung truc cua CD (gt) nén ABCD can tai B.

AACO c6 OA = OC (ban kinh cta (O)) va AC = OC (canh cda hinh thoi ACOD) nén OA = OC =
AC. Do d6 AACO la tam giac déu

= COA=60°= COD=120° = CBD= %CODz 60°

ABCD cén c¢6 CBD = 60°nén 1a tam giac déu. Suy ra BC = CD va CDB = 60°

Xét ACMD c6 MCD = %deBD, MDC = %deC. Dé thay SAdMBD > sdMC nén

MCD > MDC = MC < MD.

Trén doan CD l4y diém N sao cho MC = MN.

Tam gidc AMN can tai M c6 CMN = CBD = 60° (géc néi tiép cing chin CAD ) nén 1a tam
giac déu. Suy ra CM = CN va MCN = 60°.

Xét ACMB va ACND c¢o :

CD =CB, CM =CN (cmt) va DCN= BCM (= DCM - 60°)
nén ACMB = ACND (c.g.c). Suy ra MB = ND.
Tu d6 MB + MC + MD =ND + MN + MD = 2MD.

Trong dudng tron, dudng kinh 1a day cung 16n nhat nén MD < 2R
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= MB + MC + MD <4R.
Do d6 tong (MB + MC + MD) dat gi4 tri I6n nhit bang 4R
<> MN la dudng kinh cua (O).

Ma DO L BC (cmt) nén MN L BC = MN la duong trung truc cia BC = MB = MC =
MB = MC hay M 14 diém chinh giita cia cung nh6 BC.

Vay dé tong (MB + MC + MD) dat gia tri 16n nhat bang 4R thi M phai la diém chinh giita cta cung
nho BC.

Bai 51:
Cho A ABC ¢6 3 goc nhon AC > BC nai tiép (O). V& cac tiép tuyén vai (O) tai A va B, cac tiép
tuyén nay cat nhau tai M. Goi H 1a hinh chiéu vudng géc ciia O trén MC.
1. Chung minh ring : ’
a) MAOH Ia tir giac ndi tiep ;
b) Tia HM la phan giac ctia gobc AHB ;
2. Qua C keé duong thang song song véi AB cit
MA, MB lan luot tai E, F. Ni EH cit AC tai
P, HF cat BC tai Q. Chung minh rang QP //
OF.
Giai:
1. Xem hinh bén
a) MA la tiép tuyén véi (O) tai A nén OA L MA
hay MAO = 90°.
H 14 hinh chiéu ctia O trén MC nén OH 1. MC

hay MHO = 90°.

Tt gidc MAOH c6 MAO + MHO =180° nén

la tor gide noi tiep.

b) Chung minh tuong tu nhu trén ta co

MBO = 90°. E

Tac6 MAO= MHO= MBO = 90° nén 5
diétm M, A, O, H, B cung thugc duong tron duong kinh MO.
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Suy ra AHM = ABM (hai gbc ndi tiép ciing chan cung AM) va BHM = BAM (hai goc noi tiép
cung chin cung BM).

Xét duong tron (O):
BAM = ABM (tinh chét goc tao boi tia tiép tuyén va mot day cung).
Do d6 AHM = BHM hay HM Ia tia phan giac cua goc AHB.
2. Qua C k¢ duong thang song song véi AB cit MA, MB lan luot tai E, F. N6i EH cit AC tai P, HF
cat BC tai Q. Chung minh rang PQ // EF.
Bai 52:

Cho tam gidc ABC c6 ba géc nhon. Puong tron duong kinh BC cit canh AB, AC lan luot tai F, E.
Goi H 1a giao diém cua BE véi CF, D 1a giao diém cia AH véi BC.

1. Chang minh : ’
a) Cac tu giac AEHF, AEDB ndi tiep duong tron ; A
b) AF.AB=AE.AC ’
2. Goir la ban kinh dudng tron ndi tiép tam giac ABC. ‘
Chtrng minh rang, néu AD + BE + CF = 9r thi tam giac ABC déu. E
Giai:
1. (H.2) y .
a) Vi E, F cung thuéc duong tron duong kinh BC nén : 5
BEC = BFC= 90° D

= AEH= AFH = 90°

= AEH+ AFH = 180°

) Hinh 2
= Tu giac AEHF ndi tiep.

Mit khac, do AEH = AFH = 90%nén BE va CF la hai duong cao ciia tam giac ABC. Suy ra H 1a
truc tAm cla tam gisc ABC. Do d6 AD 1a duong cao con lai ciia tam gide. T d6 ADB= 90°.
Hai diém E va D ciing nhin AB du6i mot goc vudng nén cliing nam trén duong tron duong kinh AB.

Hay ttr giac AEDB ni tiép.
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Vay céac tir gidc AEHF va AEDB cung ndi tiép dugc duong tron (dpem).

b) Cac tam giac vudng AEB (vudng tai E) va AFC (vudng tai F) c6 A chung nén :

AAEB ~ AAFC (g.9).

AE AF
Suyra: —=—— = AF.AB = AE.AC (dpcm).
AB AC

2. (H. 3) Goi O la tim dudng tron ndi tiép tam gisc ABC; I 1a
tiép diém cua (O) va BC thi Ol =r va OI L BC.

Hai tam giac ABC va OBC c6 chung canh BC, hai duong cao
tuong ung la AD va Ol nén:

FAd N
Sogc _ Ol _ T | .\
S;ec AD AD B D | C
Chung minh tuong ty ta ¢6 : Hinh 3
Soac _ " . Sops _ T .
Siec BE S, CF
Suy ra r I Sosc+Soac + Soas _ 15 1 N 1 N 1. 1 O
AD BE CF Sagc AD BE CF r

Ma AD + BE + CF = 9r. Suy ra (AD+BE+CF)( 1 - L - 1j=9r.}
r

AD BE CF

AD AD BE L 1e BE CF CF
BE CF AD CF AD BE

AD BE N BE+CF N AD CF
BE AD CF BE CF AD

Ap dung bat dang thirc Cosi cho hai s6 duong ta c6 :
AD BE > AD BE hay AD BE
BE AD VBEAD " BE *AD
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AD _ BE
DAu bang co khi va chi khi — = — < AD = BE.
BE AD
Ching minh tuong twtacdé : —+ — CF va ﬂ—|— E >
C BE CF AD

DAu bang c6 khi va chi khi BE = CF va AD = CF.

~ (AD BE BE CF AD CF
Do 36 : + + + +
(BE ADJ (CF BEJ (CF AD)

Dau bang xay ra khi va chi khi AD = BE = CF < AB = BC = CA < AABC déu.

Vay néu AD + BE + CF = 9r thi tam giac ABC déu

Bai 53:

Cho hinh vuéng ABCD, diém M thugc canh BC (M khac B va C). Qua B ké duong thang vuong
gbc véi DM, duong thang nay cét cac duong thang DM va DC theo thir ty tai H va K.

Chung minh cac tir giac ABHD, BHCD ndi tiép duong tron ;

Tinh goc CHK

Chang minh: KH.KB = KC.KD;

Puong thang AM cit duong thang DC tai N.

Ching minh 12: 12+ 12 B
AD”- AM° AN

el N =

Giai:

1. Xét tir gidc ABHD c6 A=90° (vi ABCD la hinh
vuong) va BHD = 90° (gia thiét)

= A+ BHD=180" E D C K
Hai géc nay & vi tri 61 nhau nén tir gidc ABHD ndi
tiép.

Xét tir giac BHCD c6 :
BCD =90° (vi ABCD la hinh vuéng) va BHD = 90° (gia thiét).

— BCD=BHD=90°.
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Hai dinh k& nhau H va C cung nhin canh dbi dién dudi mét goc bang 90° nén tir giac BHCD noi
tiép.

Vay cac tir gidc ABHD, BHCD ndi tiép duong tron (dpem).

2. Vi ABCD Ia hinh vuéng nén DB 1a dudng phéan gidc cia ADC =90° = BDC = 45°
Tt giac BDHC ndi tiép (chimg minh trén) nén : CHK = BDC (cung bu véi BHC).
vay CHK = 45°,

3. Xét AKHC va AKDB ¢6 :

K chung ;

CHK = BDC (chitng minh trén)

, KH KD
Do d6 AKHC ~ AKDB (g.g) = —— = —— = KH.KB = KC.KD (dpcm)

KC KB
4. Trén tia d6i cta tia DC ldy diém E sao cho DE = BM.

Vi ADC =90° = ADE = 90° (hai géc k& bu) = AADE vuéng tai D.
Xét AADE va AABM c6 :

AD = AB (hai canh cta hinh vuéng ABCD)
ADE = ABM = 90°

DE = BM
— AADE = AABM (c.g.c) = AM = AE va EAD=BAM

— EAN = EAD + DAN = BAM + DAN = BAD = 90°= AEAN vuéng tai A.
Tam gac EAN vuong tai A c6 duong cao AD nén theo hé thure lugng trong tam gidc vudng ta co :

(N S B B S
AD? AEZ AN? ~ AD? AM? AN?

(dpcm).
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Bai 54:

Cho duong tron (O ; R) c6 dudng kinh AB vudng goc véi ddy cung MN tai H (H nam gitra O va B).
trén tia MN 1dy diém C nidm ngoai duong tron (O ; R) sao cho doan thiang AC cit dudng tron (O ; R) tai
diém K khac A, hai ddy MN va BK cit nhau ¢ E.

1. Chimg minh AHEK 1a tir gidc ndi tiép va ACAE ddng dang v6i ACHK.
2. Qua N ké duong thang vudng goc voi AC cit tia MK tai F. Chimg minh ANFK cén.
3. Gia sit KE = KC. Chirng minh : OK // MN va KM? + KN? = 4R?,

Giai:
' M
M 7
‘I\ ul
A %) g B A o) H B
%
E
N
N
K
F C C
Hinh 2 Hinh 3
1. (H.2)

*) Chirng minh AHEK la tir gidc néi tiép :
D& thdy AHE = 90° (vi MN L AB)
va AKB = 90° (géc noi tiép chén nira duong tron) hay AKE = 90°

Xét tir giac AHEK c6 AHE + AKE =180° nén 1a ttr gidc noi tiép.

DC 1:246 Ma Lo —Binh Tan-HCM - DC 2: 448 Tan Phuoc —-Q11-HCM 68



Toan lop 6->12 & LTPH http://giasutrongtin.com/ GV:Doan Van Tinh - 0946069661

*) Chirng minh ACAE ~ ACHK

Xét ACAE va ACHK ¢6 :
C chung

CAE = CHK (goc ndi tiép cung chin KE)
Do d6 ACAE ~ ACHK (g.q)

2. (H.2)
Vi BK L AC (AKB=90°) va NF L AC (gt) nén BK // NF (cung L AC).

Do d6 : KFN = MKB (d6ng vi) va KNF= NKB (so le trong)

Mit khac MKB = %SdMB va NKB = %SdNB

ma MB = NB (vi dudng kinh AB vudng goc véi ddy cung MN) nén MKB = NKB

Tu (1) va (2) suy ra KFN = KNF.
Vay AKNF can tai K.

3. (H.3
*) Chirng minh OK /[ MN

Néu KE = KC thi AKEC vuéng can tai K = KEC = 45°.
Tt gidc AHEK néi tiép nén BAK = KEC = 45°
= AAKB vudng can tai K = OK L AB

Ma MN L AB (gt) nén OK // MN.
*) Chimg minh KM? + KN? = 4R?.

Goi I 1a giao diém cua KO véi (O ; R) thi IK // MN.
Vi IK va MN 14 hai day cung cta (O) nén Ml = NK = MI =KN
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AKMI ¢6 KI 14 duong kinh ciia (O) nén vudng tai M. Ap dung dinh 1i Pitago, ta o :
KM? + MI? = KI? hay KM? + KN? = 4R%.
Bai 55:

Cho duong tron tim O, dudng kinh AB = 2R. Diém C nam trén tia ddi cua tia BA sao cho BC =R.
Diém D thudc dudng tron tim O sao cho BD = R. Pudng thing vudng goc voi BC tai C cit tia AD tai M.

1. Chimg minh rang:
a) T giac BCMD la tir giac noi tiép.
b) AB.AC = AD.AM.
c) CD la tiép tuyén cia dudng tron tam O.
2. Puong tron tim O chia tam gidc ABM thanh hai phan. Tinh dién tich phan tam gisic ABM nam
ngoai duong tron tdm O theo R.
Giai:

M
1. (Xem hinh v€ bén)
a) Ta c6: ADB=90° (goc ndi tiép chin nira dudng
tron) = BDM = 90° (hai goc ké bu). D
BCM = 90° (do MC L BC).
Xét tir giac BCMD c6: BDM + BCM = 180° 9 B ¢

= T giac BCMD la tir giac noi tiép.
b) Xét AADB va AACM cé:
A chung; ADB = ACM = 90°

nén AADB ~ AACM (g.9)

AD _ AB

= —= = AB.AC = AD.AM (dpcm).
AC AM

. 1
c) AODC c6 DB la duong trung tuyén ing véi canh OC va DB = > OC nén AODC vuong tai D.
SuyraOD L CD.

Do d6 CD la tiép tuyén cua (O).
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J3R?

2. AOBD c6 OB=0D =BD =R = AOBD déu = OBD=BOD=60° va S, = —,— (@vay

AOAD va AOBD chung chiéu cao ha tir dinh D, d4y bing nhau nén:

J3R? J3R?

AOAD — SAOBD = T = SAABD = T (dvdt)

S

Xét AMBD va AMBC c6: MDB = MCB = 90°, BM 1 canh chung, BD = BC (gia thiét)

— AMBD = AMBC (canh huyén-goc nhon)

CBD 180°-OBD _ 180°-60°
2 2 2

= MBD = MBC=

= 60°

= MBD = OBD = BD la tia phén giac ctia goc ABM.

AABM c6 BD vira 1a duong cao vira 1a dudng phan giac nén can tai B = BD ddng thoi 4 dudng

trung tuyén g v&i canh AM. Suy ra: S, g = 2Saep = J3R? (dvdt)

Goi S 1a dién tich phan tam gidc ABM nam ngoai duong tron tam O thi:

S=S S

(dvdt).

AABM ~ “AAOD T

s _ R J3R?  7R260 (93— 2m)R?
4(08D) 4 360 12
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